CYCLE CLASSES FOR p-ADIC ETALE TATE TWISTS 
AND THE IMAGE OF p-ADIC REGULATORS 
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Abstract. In this paper, we construct Chern class maps and cycle class maps with values 
in p-adic etale Tate twists HSa2l . We also relate the p-adic etale Tate twists with the finite part 
of Bloch-Kato. As an application, we prove that the integral part of p-adic regulator maps 
has values in the finite part of Galois cohomology under certain assumptions. 



1. Introduction 

Let p be a rational prime number. Let A be a Dedekind ring whose fraction field has 
characteristic zero and which has a residue field of characteristic p. Let X be a noetherian 
regular scheme of pure-dimension which is flat of finite type over S := Spec(A) and which 
is a smooth or semistable family around its fibers over S of characteristic p. Extending the 
idea of Schneider ItScll . the author defined in HSa2l the objects X n (r)x (r,n > 0) of the 
derived category of etale Z/p n -sheaves on X playing the role of the r-th Tate twist with 
Z/p n -coefficients, which are endowed with a natural product structure with respect to r and 
both contravariantly and covariantly functorial (i.e., there exist natural pull-back and trace 
morphisms) for arbitrary separated S'-morphisms of such schemes. Those pull-back and 
trace morphisms satisfy a projection formula. 

The first aim of this paper is to construct the following Chern class map and cycle class 
map for m, r > 0: 

K m (X) 

(Chern class) 



(cycle class) et V ' ™ V 



X, 



where K m (X) denotes the algebraic K-group [Q] and CH r (X, m) denotes the higher Chow 
group HB2L The Chern classes with values in higher Chow groups have not been defined in 
this arithmetic situation for the lack of a product structure on them, which we do not deal 
with in this paper. Therefore we will construct the above Chern class map and cycle class 
map independently. By the general framework due to Gillet HGilH . the existence of c r>m is a 
rather direct consequence of the product structure on p-adic etale Tate twists {% n { r )x}r>o 
and the Dold-Thom isomorphism (cf. Theorem 14 .11) . On the other hand, the construction of 
cl^" 1 is more delicate, because the etale cohomology with T n (r) -coefficients does not satisfy 
homotopy invariance. To overcome this difficulty, we introduce a version of p-adic etale 
Tate twists with log poles along horizontal normal crossing divisors (cf. see also [ JS ] p. 
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517), and prove a p-adic analogue of the usual homotopy invariance (cf. Corollary 14.31) and 
a semi -purity property (cf. Theorem 16.51) for this new coefficient. These results will enable 
us to pursue an analogy with Bloch's construction of cycle class maps to obtain cl^ m (cf. 
§7]). This 'higher' cycle class map will be a fundamental object to study in 'higher' higher 
classfield theory [Sai|. We will mention a local behavior of cl^" 1 in Remark I7T21 below. 

The second aim is of this paper is to relate the p-adic etale Tate twists with the finite part of 
Galois cohomology [B1K2], using the Fontaine- Jannsen conjecture proved by Hyodo, Kato 
and Tsuji ([HQ, HK4L HTsll . cf. HM2I0 . Assume here that A is a p-adic integer ring and that 
X is projective over A with strict semistable reduction. Let K be the fraction field of A and 
put X K := X ® A K = Xlp- 1 }. We define 

H\X, % Qp (r) x ) := Q p ® Zp hm T n (r) x ), 

n>l 

H\X K , Q„(r)) := Q P ®z p hm H\ t (X K , ^®T), 

n>l 

where fj, pn denotes the etale sheaf of p n -th roots of unity on X K , i.e, the usual Tate twist on 
Xk- We have a natural restriction map H l (X, ^Q p (r)x) — > H 1 (Xk, Q P (r)) and a canonical 
descending filtration F* on H z (X K ,Q p (r)) resulting from the Hochschild-Serre spectral 
sequence for the covering X-^ := X K ® K K — > X K (cf. (19.0. lb '). We define a (not necessarily 
exhaustive) filtration F* on H l (X, 1-Q p (r)x) as the inverse image of F' on H l (X K , Q p (r)), 
which induces obvious inclusions for m > 

g^H\X,% Qp (r) x ) c ^g^H\X K ,Q p {r)) ~ H m (K , H l ~ m (X T , Q p (r))) . 

Here H*(K, — ) denotes the continuous Galois cohomology of the absolute Galois group 
G K = Ga\(K/K) defined by Tate 03. We will prove that gr^H^X, 1 Qp (r) x ) agrees with 
the finite part Hj(K, Q p (r))) under the assumptions that p and r are sufficiently 

large and that the monodromy- weight conjecture [Mo| holds for the log crystalline cohomol- 
ogy of the reduction of X in degree i — \ (see Theorem 19 . 1 1 below, cf. UNalO . This result is an 
extension of the p-adic point conjecture ([Sell, ULSH . UNellO to the semistable reduction case 
and gives an 'unramified' version of results of Langer IlLall and Nekovaf HNe2ll relating the 
log syntomic cohomology of X with the geometric part H^(K, H t ^ 1 (X-^, Q p (r))). 

There is an application of the above results as follows. Let K be a number field and let 
V be a proper smooth geometrically integral variety over K. Put V := V ®k K. Let i and 
r be non-negative integers with 2r > i + 1, and let p be a prime number. The etale Chern 
characters (cf. llSolO induce p-adic regulator maps 

regf " < - 1 ' r : K 2r -i-i(V) B — ► H\K, H%V, Q p (r))) (2r > i + 1), 

regj r : ^ (^)hom — ► i? 2r_1 (V F , Q p (r))) (2r = i + 1). 

Here i^o(^)hom denotes the homologically trivial part of K (V), and K m (V) denotes the 
integral part of K m {V) in the sense of Scholl (see £fT0l below). Motivated by the study of 
special values of L-functions, Bloch and Kato [B1K2J conjecture that the image of regp r_J_l r 
is contained in the finite part Hj(K, H Z (V, Q p (r))) and spans it over Q p . In the direction of 
this conjecture, we will prove the following result, which extends a result of Nekovaf HNe2l 
Theorem 3.1 on regp' r to the case 2r > i + 1 and extends a result of Niziol UNill on the 
potentially good reduction case to the general case: 
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Theorem 1.1 (£ H0l) . Assume i + 1 < 2r < 2(p — 2) and the monodromy-weight conjecture 
for the log crystalline cohomology of degree i of projective strict semistable varieties over 
F p . Then the image ofreg p r ~ l ~ 1 ' r is contained in Hj(K, H l (V, Q p (r))). 

Here a projective strict semistable variety over ¥ p means the reduction of a regular scheme 
which is projective flat over a p-adic integer ring with strict semistable reduction. We use 
the alteration theorem of de Jong |[dJ]| in the proof this theorem, and the projective strict 
semistable varieties concerned in the assumption are those obtained from alterations of scalar 
extensions of V to the completion of K at its places dividing p. 

This paper is organized as follows. In $2l we introduce cohomological and homological 
logarithmic Hodge- Witt sheaves with horizontal log poles on normal crossing varieties over 
a field of characteristic p > 0. In $3l we define p-adic etale Tate twists with horizontal log 
poles, and construct a localization sequence using this object (Theorem 13.1 II) . In $4] we 
prove the Dold-Thom isomorphisms and define the Chern class maps for p-adic etale Tate 
twists. The sections [6] and [7] will be devoted to the construction of cycle class maps for p- 
adic etale Tate twists. In §[8] we will introduce Hodge- Witt cohomology and homology of 
normal crossing varieties and prove that the monodromy-weight conjecture implies a certain 
invariant cycle theorem. In $9l we establish the comparison between p-adic etale Tate twists 
and the finite part of Bloch-Kato. We will prove Theorem II .11 in £ fT0l In the appendix, we 
will formulate a continuous crystalline cohomology and a continuous syntomic cohomology 
and prove several technical compatibility results which will have been used in $9j 

The author expresses his gratitude to Professors Shuji Saito and Takeshi Tsuji, and Masa- 
nori Asakura for valuable comments and discussions on the subjects of this paper. 

Notation 

For an abelian group M and a positive integer n, n M and M/n denote the kernel and 

the cokernel of the map M M, respectively. For a field k, k denotes a fixed separable 
closure, and C7 fe denotes the absolute Galois group Ga \{k/ k). For a topological GVmodule 
M, H*(k, M) denote the continuous Galois cohomology groups H* ont (Gk, M) in the sense 
of Tate iTTal . If M is discrete, then H*(k, M) agree with the etale cohomology groups of 
Spec(fc) with coefficients in the etale sheaf associated with M. 

Unless indicated otherwise, all cohomology groups of schemes are taken over the etale 
topology. For a scheme X, an etale sheaf & on X (or more generally an object in the 
derived category of sheaves on X&) and a point x E X, we often write H*(X,&) for 
H*(Spec(0x,x), F° r a positive integer m which is invertible on X, we write fj, m for the 
etale sheaf of the m-th roots of unity on X. For a prime number p which is invertible on X 
and integers m,r > 0, we define 

H m (X,Z p (r)) :=Um W(X,^ n r ), 

n>l 

H m (X, Q p (r)) := Q p ® Zp H m (X, Z p (r)). 

For a pure-dimensional scheme X and a non-negative integer q, we write X q for the set of 
all points on X of codimension q. 
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2. Logarithmic Hodge-Witt sheaves 



We first fix the following terminology. 

Definition 2.1. (1) A normal crossing varity over afield k is a pure-dimensional scheme 
which is separated of finite type over k and everywhere etale locally isomorphic to 

Spec(fc[t , • • • ,tff]/(to • ■ - to)) for some < a < N := dim(Y). 

(2) We say that a normal crossing variety Y is simple if all irreducible components ofY 
are smooth over k. 

(3) An admissible divisor on a normal crossing varity Y is a reduced effective Cartier 
divisor D such that the immersion D ^Y is everywhere etale locally isomorphic to 

Spec(/c[t , • • • , t N ]/ (t --- t a , t a+1 ■ ■ ■ t a+b )) c »- Spec(£;[t , . . . , t N }/ (t • ■ • t a )) 

for some a, b > with a + b < N = dim(Y). 

Let A; be a field of characteristic p. Let Y be a normal crossing variety over k, and let D 
be an admissible divisor on Y. Put V := Y — D and let / and g be as follows: 

D Y V = Y - D. 

For r > 0, we define etale sheaves UryD) n anc ^ Kyd) n on F as follows: 

where for x G V, i x denotes the composite map x V Y and the arrow d denotes the 
sum of boundary maps due to Kato HK1L We define 

A (T,D),n = V {Y,D),n = for r < °" 

When D = 0, we put 

U Y,n '■= U (Y,9),n an( ^ ^Y,n := A (Y,0),n' 

which have been studied in USalH . Although we assumed the perfectness of k in USalL all the 
local results are extended to the case that k is not necessarily perfect by the Gersten resolution 
ofW n Vt r YXog for smooth Y due to Shiho llShl (cf. HGrSIO . We have v\ Y d) n = 9* u v,n by the 
left exactness of g*, and ~ R 1 fu Yn by the purity of v Yn ([Sal J Theorem 2.4.2). Hence 
there is a short exact sequence 

(2.1.1) — ► Vy, n — > P\y^ n — > UV^I — > 0. 

By this fact, we have 

^(Y,D),n — v \Y,D),n = 9*^n^V,log 

if Y is smooth (loc. cit. (2.4.9)), which we denote by W n ^ Y D ^ log . The following proposition 
is useful later, where Y is not necessarily smooth: 
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Proposition 2.2. Assume that Y is simple, and let Y\ , Y-i , ■ ■ ■ ,Y q be the distinct irreducible 
components ofY. Then there is an exact sequence on Y& 

y X\ Y ,D),n © ^ fi 0^,2Jj),log ~^ © W n^ r (Y!,Di), log 

\I\=1 |/|=2 

■ ■ • — -y (J) W n Q r {Yi Di) los y 0, 

1*1=3 

where the notation '\I\ = V means that I runs through all subsets of '{1,2, ... ,q} consisting 
oft elements, and for such I = i 2 , . . . , it} (ij 'j ore pair-wise distinct), we put 

Yi := Y h n Y ia n • • • H Y it and £>j := D XyYj. 

77ze arrow f° denotes the natural restriction map. For (I, I') with I = {z'i, z 2 , . . . , it} (z'i < 
Z2 < • • • < it) cmd \I'\ —t + 1, the (I, I') -factor of r* w defined as 

'o (i// £ JO 

;-l)*- a • (if/' = I U {i t +i} andh < ■■■ <i a < i t+1 < i a+1 <■■■ < i t ), 

where /3pj denotes the closed immersion Yj> ^-y Yj. 
We need the following lemma to prove this proposition: 
Lemma 2.3. Assume that (Y, D, V) fits into cartesian squares of schemes 




such that W is regular, such that the vertical arrows are closed immersions and such that Y , 
<3) and VUf are simple normal crossing divisors on where we put "V := — Then 
the pull-back map i*h*&y — > g*Gy on Y& is surjective. 



Proof of Lemma \2J\ We use the same notation as in Proposition 12.21 For a Carrier divisor 
E on a scheme Z, let cf(E) E H^(Z, be the localized 1st Chern class of the invertible 

sheaf &z{E). Since & is regular, h*(?y is generated by and local uniformizers of the 
irreducible components {^j}j eJ of Si. Put 

i\, ■■ Y x , '/ } (j • •/). 

which is an admissible divisor on Y. Since (g*0y) / ' &y ^ R l fff Y , it is enough to show 
that the Gysin map 

sending 1 E 7Ld 3 to c\ (Dj) is bijective on By USall Lemma 3.2.2, there is an exact 
sequence on Y& 

(2.3.D o^^A0^A0^A-^$ * * o, 

|7]=1 |7|=2 |Z|=g 
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where f's are defined in the same way as f's in Proposition I2.2L and q denotes the number 
of the distinct irreducible components of Y. Since f&y, = f° r an y non-empty subset 
I C {1,2, ... ,q}, the exactness of (|2.3.1I) implies that of the lower row of the following 
commutative diagram with exact rows: 







0^ 

j'eJ 



R l f 



ieJ |/|=i 







ft 



|/|=i 



z D]nYl 

j£j |J|=2 



1/1=2 



where Dj fl Y? is regular for each j E J and I C {1,2, ... ,q} by the assumption that Y VJ S 1 
has simple normal crossings on 3£ . The middle and the right vertical arrows are defined in 
the same way as for tp, and bijective by the standard purity for <^ x ( HGrlH III §6). Hence <p is 
bijective as well. □ 

Proof of Proposition \2.2\ Since the problem is etale local on Y, we may assume that 
(Y, D, V) fits into a diagram as in Lemma 1231 Then there is an exact sequence 

r 1 jsg-i 



W n VL\ YiDi)log 

|/|=1 



W n n r (Y IjDl)M 

\i\=q 



on ^ t by Lemma [231 and an induction argument on the number of components of Y which 
is similar as for [Sal] Lemma 3.2.2. The assertion follows from this exact sequence. □ 



3. p-adic etale Tate twists with log poles 

In §^3H2l we are mainly concerned with the following setting. 

Setting 3.1. Let Abe a Dedekind domain whose fraction field has characteristic and which 
has a maximal ideal of positive characteristic. Put 

S := Spec(A). 

Let p be a prime number which is not invertible in A. Let X be a regular scheme which is 
flat of finite type over A and whose fibers over the closed points of S of characteristic p are 
reduced normal crossing divisors on X. We write Y C X for the union of those fibers. 

Let DcXbea normal crossing divisor such that D UY has normal crossings on X (D 
may be empty). Put U := X — (Y U D) and V := Y — (Y fl D), and consider a diagram of 
immersions 

V c ^X-D^ >U 
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Let n and r be positive integers. We first state the Bloch-Kato-Hyodo theorem on the struc- 
ture of the sheaf M T n := i*R r j*Hpn , which will be useful in this paper. We define the etale 
sheaf Jf^ M on Y as 

je r M := {i*j*@$)® n /J, 
where J denotes the subsheaf of {i*j*&u)® n generated by local sections of the form a\ ® 
a 2 ® • • • ® a r (ai, a 2 , . . . , a r E with a s + a t = or 1 for some 1 < s < t < n. There 

is a homomorphism of etale sheaves ([B1K1] 1.2) 

(3.1.1) X r M — + ML 



which is a geometric version of Tate's Galois symbol map. For local sections a\ , a 2 , . . . , a r E 
i*j*&u, we denote the class of a\ ® a 2 ® ■ • • <8> a r in J(f r M by {ai, a 2 , . . . , a r }, and denote 
the image of {a 1? a 2 , . . . , a r } E under (13.1.11) again by {a 1; a 2 , . . . , a r }. We define 

filtrations W and on M r n as follows. 

Definition 3.2. Pwz'p := Ker(^ x -»■ i.^V) andl + p 9 := Ker(0£ -»■ (^x/p 9 ) x )/or g > 1. 

(1) We define ^°X r M as the full sheaf JtT n M . For q > 1, we define ^ q Jt r M C as 
the image of + p q ) ® (i*j.££)® r_1 . 

(2) For g > 0, we rfe/zne ^ q M T n as the image of<$/ q J{f r M under the map (|3.1.1I) . 

(3) Wzen A Z5 /oca/ an J its residue field k has characteristic p, we fix a prime element 
7r G A and define Y q M^ C M T n as the part generated by ^ q+1 M^ and the image of 
ty q X r M x ® (tt) under (I3XTT) . 

Let Ljfo be the log structure on X associated with the normal crossing divisor Y U D ( IK3II ). 
and let L Y ° be its inverse image log structure onto Y& (loc. cit. (1.4)). The following theorem 
is a variant of theorems of Bloch-Kato-Hyodo ([B1K1J Theorem 1.4, JHyl[ Theorem 1.6), 
and the case D = corresponds to their theorems. 

Theorem 3.3. (1) The symbol map (13.1.11) is surjective, i.e., %^M r n = M r n . 

(2) Assume that A is local and that its residue field k has characteristic p. Then there 
are isomorphisms 

M r n /f°M r n ^W n oj r YOjlog , 
^M:/W l M^W n u Y -) og , 
where W n Uyo log denotes the image of the logarithmic differential map 

d\og : (LfP D f m — ► V%0™ log , 

and for a point y EY, i y denotes the natural map y <^-> Y. 

(3) Under the same assumption as in (2), let e be the absolute ramification index of 
A, and let be the log structure on Spec(fc) associated with the pre-log structure 
PJ — > k sending 1 i-y 0. Put e' := pe/(p — 1). Then for 1 < q < e', there are 
isomorphisms 

w q Mi/y q M[ ^ \ u tJ^ W q )> 

[Ujyo /%y a (p\q), 
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Hereuyo denotes the differential module of (Y, L Y o) over (Spec(/c) , L&) ( HK3H (1.7)), 
and J'p (res/?. J^) denotes the image of d : Uy^ 1 — > w™. (resp. the kernel of 
d:cu^ ^ w™ +1 ). 

(4) Under the same assumption and notation as in (3), we have <% q M{ = 1f q M{ = Ofor 
q > e'. 

Proof. Note that the irreducible components of D are semistable families around the fibers 
of characteristic p by the assumption that Y U D has normal crossings on X. The assertions 
(1) and (2) are reduced to the case that X is smooth over S and that D = (i.e., the Bloch- 
Kato theorem) by Tsuji's trick in HTs2l Proof of Theorem 5.1 and a variant of Hyodo's 
lemma [ |Hyl | Lemma 3.5, whose details will be explained in a forthcoming paper [KSSJ. 



The assertion (4) follows from [B1K1J Lemma 5.1. 

We prove (3). Let n e Abe the fixed prime element. Let ¥ G L Y ° be the image of n, 
and let [¥] C L Y ° be the subsheaf of monoids generated by ¥. The quotient L Y °/\¥] is a 
subsheaf of monoids of G Y (with respect to the multiplication of functions) generated by 
6y and local equations defining D and irreducible components of Y. There is a surjective 
homomorphism 

5 m : G Y ® {(Lyo/[7f]) gp }® m — > 
defined by the local assignment 

z®y x ®---®y m \ — Y z- d\og{y l ) A ■ • • A dlog(y m ), 

with z G and each ^ G (Ly° /[7f]) gp . The kernel of 5 m is generated by local sections of 
the following forms (cf. [ |Hyl[ | Lemma 2.2): 

(1) z ® yi® ■ ■ ■ ® y m such that y s belongs to 0$ pec ^ |y for some 1 < s < m. 

(2) z <g) yi <g> ■ ■ ■ eg) y m such that y s = y t for some 1 < s < t < m. 

(3) E f=i (°i ® fl i ® 2/i ® ■ • • ® 2/m-i) - E f=i ( & i ® &i ® yi ® • • • ® 2/m-i) with each 
aj,6j G Lyo/[7f] such that the sums Ei=i a * an d Ef=i^' taken in G Y belong to 
L Y o/[¥] and satisfy Yl\=i a i = Y!j=i b j- 

Hence the assertion follows from the arguments in loc. cit. p. 551. □ 

We define the etale subsheaf FM r n C M r n as the part generated by and the image 

of (i*h 

*&x-d)® 1 "' wnere h denotes the open immersion X — D > X. By Theorem [33](2), 
Proposition l2.2l and the same arguments as in HSa2l §3.4, we obtain the following theorem: 

Theorem 3.4. There are short exact sequences of sheaves on Y& 

o^fm;-^m;A ^i nnn — ► o, 

_> flr^ — ► FM r n A[ yiDny)>n — ► 0, 

where a is induced by the boundary map of Galois cohomology groups due to Kato [Kl J, 
and r is given by the local assignment 

{ai, a 2 , . . . , a r } i — )• dlog(aT <g> ai' ® • • • <8> a^) ■ 

//ere a 1; 02, . . . , a r «^ /oca/ sections of i*h*&x-D> and for a G i*h if @^ c _ D , a denotes its 
residue class in g*&y. 

Now we define the p-adic etale Tate twists. 
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Definition 3.5. Assume r > 1, and let /' be the Godement resolution of on U& t . We 
define a cochain complex C n (r)' x D , of sheaves on as 



r-l 

(y,L>ny),n> 



where j*J? is placed in degree and i*v%-DOY) n z * P^ acec ^ * n degree r + 1. 77ze /as? arrow 
cr^ w defined as the composite map 



r+l\ nr; ,.<8>r l * CT „• , ,r — 1 



V - z * I/ (y,Dny),n- 

We wn'te X„(r)(x,D) /or C n (r)' x ^ regarded as an object of D b (X^ t , Z/p n ). When D — 0, 
we denote C n {r)' x ^ and % n { r )(x,<&) by C n {r)' x and 1 n (r) x , respectively. For r = 0, we 
define C n (0)* x D ^ := Z/p n Z, ?/ze constant sheaf Z/p n Z placed in degree 0. 

Proposition 3.6. Forr > 0, T„(r)(x,D) is concentrated in [0, r], and there is a distinguished 
triangle in D b (X^ t , Z/p n ) 

i * U (YJ}nY),n[~ r ~ ^ *~ % n{r){X,D) T< r Rj*H®Z ^[Y,DnY),n[- r }- 

Here ^ry DnY ) n means the zero sheaf when r = 0. 

Proof. The first assertion follows from the surjectivity of a in Theorem 13.41 The second 
assertion is straight-forward. □ 

By this proposition % n {r)x defined here agrees with that in [Sa2| §4 by a unique isomor- 
phism compatible with the identity map of /iST on U (loc. cit. Lemma 4.2.2). The following 
proposition verifies the existence of a functorial flabby resolution of T n (r)(x,D) : 

Proposition 3.7. The complex C n (r)' x D ^ is contravariantly functorial in the pair (X, D). 
Here a morphism of pairs (X, D) — > (X', D') means a morphism of schemes f : X — > X' 
satisfying f(X - D) C X' - D'. 

Proof. The case r < is clear. As for the case r > 1, it is enough to show that the map 

is contravariant in (X, D). Let / : (X, D) — > (X', D') be a morphism of pairs, and consider 
the following diagram of immersions: 

Y' cJl^ X' J—> U' := X' - D', 

where Y' denotes the union of the fibers of X' — > S of characteristic p. By the first exact se- 
quence in Theorem l3.4[ a' (:= a for (X', D')) is surjective and Ker^cr') maps into Ker(i*a) 
under the base-change map 

J ■ J K J*/V — * K ■ 
Hence this map induces a pull-back map 

(3.7.1) / : / K v ly',D'nY'),n ^ ^* V {Y,DrY),n- 

These maps are obviously compatible with cr's and satisfy transitivity. Thus we obtain the 
proposition. □ 
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Corollary 3.8. (1) Let V be the category whose objects are S -schemes satisfying the 
conditions in Setting 13. II for X and whose morphisms are S-morphisms. Then the 
complexes C n {r)' x = C n {r)' x ^ with X G Ob(V) form a complex C n {r)' of sheaves 
on the big site 

(2) The Godement resolution G n {r)' x D ^ on X<s t ofC n (r)' x D ^ is contravariantly functo- 
rial in (X, D). 

Remark 3.9. The object X n (r)(x,D) is also contravariantly functorial in the pair (X,D), 
that is, for a morphism of pairs f : (X, D) — > (X', D'), there is a unique morphism 

(X',D>) -^^n(r) { x,D) in D b (X 6t ,Z/p n ) 
that extends the pull-back isomorphism of p®™ for U — )■ U' (cf. HSa2ll Proposition 4.2.8). 

Remark 3.10. Let V and C n {r)' be as in Corollary Xb .81 and let T„(r) be the complex C n {r)' 
regarded as an object of the derived category D b (V&, Z/p n Z). The following facts will be 
useful later in £|5] 

(1) There exists a unique product structure 

® L T n (r) ^% n ( q + r ) in D(V, t ,Z/p n Z) 
that extends the isomorphism p®S ® p®n - 

which follows from the same arguments as in HSa2l Proposition 4.2.6 

(2) There exists a unique isomorphism 

G m ® L Z/p n Z[-l] — ► T n (l) in D(V ft , Z/p n Z) 

that extends the canonical isomorphism G m £g> L Z/p n Z[— 1] — > [i p n on 5*[j9 _1 
which follows from the same arguments as in loc. cit. Proposition 4.5.1. 

Theorem 3.11. When D is regular, there is a canonical morphism 

f :T n (r) (XiD) -+a,X n (r-l) D [-l] in D b (X, t ,Z/p n ) 
fitting into a distinguished triangle 

(3.11.1) a*1 n (r - l) D [-2] ^ <I n (r) x A % n (r)(x,D) «*1 n (r - 1) D [-1], 

where a denotes the closed immersion D ■=->■ X, anJ /3 denotes the natural morphism of 
pairs (X, D) — )■ (X, 0). 77ze arrow a* denotes the Gysin morphism HSa2H Theorem 6.1.3. 

Proof. The case r < immediately follows from the absolute purity HFGH . To prove the 
case r > 0, we first construct the morphism o. Consider a diagram of immersions 

17 



Ppn +r on the big etale site S[p 1 



Et' 



Et' 




a □ 



There is a distinguished triangle on Xfp -1 ]^ 
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where Oi is defined as the composite 

and 5 denotes the connecting morphism of a localization sequence. We used the absolute 



purity HFG1 for the last isomorphism. Applying Rw*, we get a distinguished triangle on X& 

(3.1 1.2) a, J R^//®r- 1 [-2] ^ Rwti$ ^ Rj*p®Z ^ a^R^r^-l). 

Consider the following diagram with distinguished rows (7 := a o 

t 



In r 



(X,D) 



r-2r 



1] 



a ; 

a*T„(r - 1)d\ 



T< r Rj*fipn 

53:=T<r(f2) 

r< r (a*i2</p*yu2T _1 [-l]) 



,r-2r 



where the lower triangle is distinguished by Proposition 13.61 for (D, 0). Since T„(r)(x,r>) is 
concentrated in [0,r], we see that the composite b' o o 3 o t is zero by Theorem 13.41 and a 
simple computation on symbols. On the other hand, we have 

Hom Db{x , uZ/p n ) Cl n (r) { x,D),iy E ~n[~ r ~ 1]) = °> 

again by the fact that % n (f)(x,r>) is concentrated in [0, rj. Hence there is a unique morphism 
fitting into the above diagram (cf. HSa2H Lemma 2.1.2 (1)), which is the desired morphism. 
Finally the triangle (13.11.11) is distinguished by (13.11.21) and a commutative diagram with 
exact rows on (7 = a o i') 







7? r m II®' 

ax 

i ■ 



R r j*H 



D3 



p 

(X,D) 







r-1 

(Y,E),n 



r-2 



0. 



where the surjectivity of 03 in the upper row follows from Theorem 13.31 (1) for (D, 0), and 
the exactness of the lower row follows from (12.1.11) . □ 



Remark 3.12. Assume that A is local, and let A 1 be a Dedekind ring which is finite flat over 
A, unramified at the maximal ideals of A[p~ x ] and tamely ramified at the maximal ideals of 
A of characteristic p. Then all the definitions and results for the pair (X, D) in this section 
are extended to the scalar extension (X <S>a A', D ®a A'). In fact, Theorem \3. 31 (1) and (2) 
will be proved in HKSSH for this generalized situation. One can check Theorem 13.31 (3) and 
(4) for (X ®a A', D ®a A!) by the same arguments as for (X, D). See [Sa2J §3.5 for an 
argument to extend Theorem 13.41 



4. Dold-Thom isomorphism 

Let S, p and X be as in Setting 13.11 In this section we prove the Dold-Thom isomor- 
phism for p-adic etale Tate twists. Let E be a vector bundle of rank a + 1 on X, and let 
f : P ;= W(E) X be the associated projective bundle, which is a projective smooth mor- 
phism of relative dimension a. Let G{V)e be the tautological invertible sheaf on P, and let 
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f G H 2 (F, T n (l) P ) be the value of the 1st Chern class cl{0(1) e ) G H\F, ^ p x ) under the 
connecting map associated with the Kummer distinguished triangle 

0* — ► _ ». £ n (l) P [l] — >• ^ P x [l] 

(cf. HSa2H Proposition 4.5.1). The composite morphisms 

"Zn{r - q)x[-2q] — i2/*Sn(r - g) P [-2i] — i?/*T n (r) P (0 < g < a) 
induce a canonical morphism 

a 

IE : %n{r ~ q)x[-2q] — )• RU% n {r) ¥ in D 6 (Xe t , Z/p n ). 

9=0 

Theorem 4.1 (Dold- Thorn isomorphism). 7^ z'5 an isomorphism for any r G Z. 



Proof. 7s is an isomorphism outside of F by [MJ VI Theorem 10. 1 . The case r < follows 
from this fact. To prove the case r > 0, we consider a diagram of schemes 




x[ P - 1 ]. 

We have to show that z*(7e) is an isomorphism: 

(4.1.1) i\ie) : i*X n (r - q)x[-2q] ^ Rg^*Z n {r) P , 

9=0 

where we identified i* Rf*% n (r)p with .R<7*7*Tn(r)p by the proper base-change theorem. By 
a standard norm argument (cf. HSa2H §10.3) using Bockstein triangles (loc. cit. §4.3), we are 
reduced to the case that n = 1 and that r(X, &x) contains a primitive p-th root of unity (see 
also Remark |3 .121) . We need the following lemma: 

Lemma 4.2. Let £ G H X {P, Xp J Z?e image o/£ under the pull-back map 

7*:# 2 (P,T 1 (lV)^tf 1 (P,Ay 
(c/ HSa21 Proposition 4.4.10). TTzen we /zave the following isomorphisms in D b (Y^ t , Z/p); 



(1) 


0? 9 u- 


= e 


A?i tf [- 


-q)- 


-> Rg*\ r P1 




9=0 


9=0 








(2) 




0e 9 u- 


a 

= 






Rg*v r pi 




9=0 


9=0 








(3) 


0^u- 




= e 


I — or 




Rg*u) r P 




9=0 


9=0 








(4) 


0^u- 

9=0 


a 

= e 

9=0 




-q\- 


^ Rg*2? r P 



Here (resp. denotes the kernel ofd-.u^-* u™ +1 (resp. d : -> w™ +1 ) 
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Proof of Lemma \4~2\ Note that £ agrees with the 1 st Chern class of the tautological invertible 
sheaf on P = F(i*E). Since the problems are etale local on Y, we may assume that Y is 
simple. If Y is smooth, then (1) and (2) are due to Gros HGrlll I Theoreme 2.1.11. The 
general case is reduced to the smooth case by USalU Proposition 3.2.1, Corollary 2.2.7. As 
for (3), since we have 

r r 

Rg*uj r P ~ Rg*{yi q pjY ® ffy u r Y q ) ~ (Rg*n q p/Y ) u r Y q 

q=0 g=0 

by projection formula, the assertion follows from the isomorphisms 

£9 U - : Y [-q] ^ Rg*to q p/ Y (0<q<a). 

(4) follows from the same arguments as for HGrlll I (2.2.3). □ 

We turn to the proof of (14.1.11) for r > 0. The case r = follows from Lemma I4~2l (l) 
with r = 0. To prove the case r > 1, we use the objects K(r — q)x 6 D b (Y^ t , Z/p) and 
K(r)p G D b (P^. t , 7i/p) defined in [Sa2J Lemma 10.4.1, which fit into distinguished triangles 

K(r - q) x [-l] -> ® L i*Xi(r - q - l) x -)• i*% x {r - q) x -)• K(r - 
K(r) P [-l] — >• ® L 7*^1 (r - 1) P — > 7^i^)p — > K(r) P . 

Here //' denotes the constant sheaf i*j*/x p (~ Z/p) on and the central arrows are induced 
by the product structure of Tate twists. By induction on r > 0, our task is to show that the 
morphism 

a a 

(4.2.1) 0fU- : K(r - q) x [-2q] — > %*K(r) P 

g=0 9=0 

is an isomorphism, where we have used the pull-back morphisms 

f* : K(r - g)x — »- K(r - g) P (0 < g < a) 

induced by the pull-back morphisms for Tate twists (loc. cit. Proposition 4.2.8, Lemma 
2.1.2(2)). By loc. cit. Lemma 10.4.1 (2), we have 

{fi' <8> v' Y q ~ 2 (m = r — q — 1) 
FM[- q (m = r-q) 

(otherwise) 

and similar facts holds for K(r) p (see ^j3]for FM q ). Therefore (14.2.11) is an isomorphism by 
Lemma I4T21 and Theorems 13 .31 (3). (4) and 13 .41 with D = (see also the projection formula in 
loc. cit. 4.4. 10). This completes the proof of Theorem 14. II □ 

The following corollary 14 . 3 1 folio w s immediately from Theorems 13.111 |4~T1 and the projec- 
tion formulra ([Sa2j Corollary 7.2.4), which is ap-adic version of homotopy invariance and 
plays an important role in our construction of cycle class maps (see £|7]below). 

Corollary 4.3. Let the notation be as in Theorem 14.11 Let E' C E be a subbundle of rank 
a, and let P' be the associated projective bundle. Let ip : P' — > P be the natural closed 
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immersion, and assume that the inverse image <p*(0(1)e) is isomorphic to the tautological 
invertible sheaf of F'. Then the composite morphism 

/* 

^n(r) x — > Rf*1 n (r) ¥ — > Rf*%n{r)p t -p>) 
is an isomorphism in D b (X^ t , Z/p n ). 



5. Chern class 

The main aim of this section is to construct the Chern class map (15.6.11) below. Let S 
and p be as in Setting I5TT1 and let V be the category whose objects are S-schemes satisfying 
the conditions in Setting I37T1 for X and whose morphisms are S-morphisms. Let X* be a 
simplicial object in V, i.e., a contravariant functor 

X* : A op — ► V, 

where A denotes the simplex category. For a morphism 7 : [a] — > [b] in A, we often write 

7 X :X h -^X a (X a := X,([a})) 
for ^(7), which is a morphism in V. For integers < i < a, let d l be the coface map in A: 

(0 < j < i) 



d* : [a] — )• [a + 1], j m- 




For integers < i < a, we often write 

dj : X a+ i — >■ X a 

for (cf ) x . See [|Fr] §1 for the definition of the small etale site (X*)g t on X*. 

Definition 5.1. (1) We define a complex C n {r)* x of sheaves on {X*)& by restricting the 
complex C n {r)* on c/ Definition 13.51 Co rollary 13.81 We wnYe X n (r)x* /or f/ze 
complex C n {r) x ^ regarded as an object of D b (( y X ic )^. t , Z/p n Z). 
(2) We define a canonical morphism 

/Vy ?/ze composite morphism 



1] — > G m ® L Z/p n Z[-l] T n (L 



where the left arrow denotes the canonical morphism induced by Z — > Z/p n Z and 
£/ze rzg/z? arrow is ?/ze restriction of the isomorphism in Remark [3.101 (2). 

We next review the following basic notions: 

Definition 5.2. (1) A vector bundle over X+ is a morphism f : E± — >■ X* of simplicial 
schemes such that f a :E a ^- X a is a vector bundle for any a > an J smc/j ?/za? f/ze 
commutative diagram 

(5.2.1) £ b ^X fc 

&a ^ A a 
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induces an isomorphism Ef, = 7 E a := E a x Xa Xb of vector bundles over X^for 
any morphism 7 : [a] — > [b] in A (cf. HGi2l Example 1.1). 
(2) We say that a morphism f : X* — » Y* of simplicial objects ofV is a regular closed 
immersion if f a : X a — > Y a is a regular closed immersion for any a > and if the 
diagram 



(5.2.2) 



X h 



X a 



Y h 



fa 



Y a 



is cartesian for any morphism 7 : [a] — > [b] in A. An effective Cartier divisor X+ on 
is a regular closed immersion X+ — > Y* of pure codimension 1. 

We now define the first Chern classes of effective Cartier divisors and line bundles. 

Definition 5.3. (1) For an effective Cartier divisor D± on X+, we define the first Chern 
class Ci(.D*) G -£/^(X*, X n (l)) as the value of the first Chern class Ci(D+) G 
H^^X^zar, X ) under the composite map 

#^(PQ Zan ^ x ) 4 H^(X„G m ) 4 H 2 Dit (X*,Z n (l)), 

where e : (X*)^ — > (X*) Zar denotes the continuous map of small sites. The arrow q 
denotes that in Definition ^ .11 (2). 
(2) For a line bundle L+ on X+, we define the first Chern class 



Cl (LA G# 2 (X*,S n (l)) 

as the value of the isomorphism class [L+] G i/ 1 ((X^) Zar , 
1.1) under the composite map 



(cf. HGi21l Example 



(5.3.1) 



H\(X. 



★ JZarj 



H\X*,G m ) ^H\X^% n (l)). 



The following proposition plays a key role in the proof of the Whitney sum formula in 
Proposition l5.5l (3) below. 

Proposition 5.4. Let f : X* <^-> X{ be a regular closed immersion of simplicial objects in V 
of pure codimension c > 1. Assume that the given morphisms d , d\ : X[ — > X' are smooth. 
Then there exists a Gysin morphism 

gy S/ : <£ n (r) Xt — ► Rfl n (r + c) x , [2c] in Z/p n Z) 

satisfying the following three properties: 

(a) (Consistency with the first Chern class) Ifr — 1, then the value of 1 G Z/p n Z = 
if°(X 7(r , X n (0)) under the Gysin map 

gy S/ : H°(X*,Z n (0)) — > H x {X'„% n {l)) 

agrees with the first Chern class Ci(X*) in Definition 15.31 (1). 
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(b) (Transitivity) For another regular closed immersion g : X^ ■=-)■ X" of simplicial ob- 
jects in V of pure codimension d > 1 with do,d% : Xf — > Xq smooth, the composite 
morphism 

1 n (r)x^Rf^n(r + c) xi [2c] fi/ ' (gySfl) ) /2/ ! ^ ! T n (r + c + c')x»[2c + 2c'] 

i2(5o/)X(r + c + c')x»[2(c + cO] 

agree* vwY/z gys 9o/ . 

(c) (Projection formula) The following diagram commutes in _D((X*),; t ): 

RfZn(q)x: ® L Tn(r)x,' d -^ RfZ n (q)x> ® L i?/ ! T n (n + r) x , [2r] 

T„(g + r)x 4 — Rf l< $n(q + r + c) x > [2c] , 

where the left vertical arrow it is the composite morphism 

Rfln(Q)xi^1n(r)x, ^ 1n(q)x^ h 1n(r)x, ^> T n (g + r)^, 
where the products mean the restriction of the product structure in Remark \3. 101 

Proof Put E/* := X+ ® Z^r 1 ] and K := XI ® Zfp" 1 ]. Let y> : [/* V* be the regular 
closed immersion induced by /. By the absolute purity HFGI and the spectral sequence 

we have 

M?) ^ Ker(rf* - d* : Agfa, A*g?) — ► flg(V llM Jf)). 

By the smoothness assumption on d , ^ : Vi — »■ Vo, the cycle class cly (^7 ) G if^(V , /x®„ c ) 
lies in the group on the right hand side, loc. cit. Proposition 1.1.3. We thus define the cycle 
class 

cl K ([/*)eif£(K,/^ c ) 

as the element corresponding to cly (U ). Since tp*n®„ v ^ ~ /4f«V* on (f*)et , the cup product 
with clv;({7*) defines a Gysin morphism 

gys^ : ^ ~ dv ^ )u - ) R^^+?[2c] in D+((U*) 6t , Z/p"Z), 

which satisfies the three properties (a) -(c) listed above (see loc. cit. Proposition 1.2.1 for 
(b)). We show that there exists a unique morphism 

gy S/ : T„(r)x, — ► i?/ ! T„(r + c) xi [2c] in D+((JQ ft , Z/p"Z) 

that extends gys^. Put 

Y*:=X*®Z/pZ, £:=T n (r) x , and 971 := Rf l Z n {r + c) x > [2c]. 

and let « and /3 be as follows: 
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Consider the following diagram in D + ((X i ,)^ t , Z/p n Z) whose lower row is distinguished: 

(5.4.1) £—^T< r RP*/i®: 

a,Ra-m Tl R(3*(3*M — a*Ra l Wt[l\. 

Here the upper horizontal arrow is the canonical morphism (cf. Propositions 13.61 and 13.71) . 
and the lower row is the localization distinguished triangle for QJt (cf. HSa2H (1.9.2)). We 
have 

(5.4.2) T< r a*Ra l Wl = 

by the purity in loc. cit. Theorem 4.4.7, which implies that 

Hom D+{{Xir)4uZ/pnZ) (r< r R/3^:, a*Ra l M[l\) = Hom s(( * 0ft) (fTft//® r , a*iT+V<H). 

By this fact and the compatibility fact in loc. cit. Theorem 6.1.1, one can easily check that the 
composite (—5) o Rf3*(gys ) is zero in D + ((X i ,)^ t , r Ljp n TL). Therefore we obtain a unique 
morphism gys^ that extends gys^, again by (15.4.21) and by loc. cit. Lemma 2.1.2(1). The 
property (a) of gys^ is straight-forward, and the property (b) follows from the uniqueness of 
gySj. The property (c) follows from the same argument as for loc. cit. Corollary 7.2.4. □ 

Following the method of Grothendieck [jG| and Gillet IGill . we define the Chern classes 

i>0 

of a vector bundle E* over X* as follows. Let E* be of rank a, and let / be the natural 
projection P(£J -> X+. Let £ G # 2 (P(£*), X„(l)) be the value of the first Chern class of 
the tautological line bundle on ¥(E i ,), cf. Definition [53](2). Noting the Dold-Thom isomor- 
phism 

a a 

(5.4.3) H 2i {X^% n (i)) ~ ^(P^j.TnW), {bi)U -» E n&o ur- 4 

8=1 1=1 

obtained from Theorem l4.1l and HGill Lemma 2.4, we define 

c (E±) := 1 and Ci(E+) := for i > a, 
and define q = Ci(E+) for i = 1, 2, . . . , a by the equation 

r + /* (ci) u r^ 1 + • • • + r (ca-o u e + /*(c a ) = o 

in iJ 2a (P(^),T n (a)). 

Proposition 5.5. Le? X* Z?e a simplicial object in V wzY/z do, di : Xi — > X smooth. Then 
the Chern classes c(E+) of vector bundles E* over X* satisfy the following properties: 

(1) (Normalization) If E+ is a line bundle, then we have Co(-E+) = 1 and = Ofor 

i > 1, and Ci(E+) is the value of the first Chern class Ci(E+) e if 1 ((X + ) Zar , & x ) 
under the map (15.3.11) . 
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(2) (Functoriality) For a morphism f : X* — > X^ of simplicial objects in V and a vector 
bundle E* on X'^, we have 

c(/%) = rc(30, 

where f* on the right hand side denotes the pull-back map obtained from the con- 
travariant functoriality of% n (r), cf. Remark W^ 

(3) (Whitney sum) For a short exact sequence — > — > E* — > E" — > of vector 
bundles on X*, we have 

Crfa) = J2 c s (E'JUc t (E':) e H 2r (X*,% n (r)) 

s+t=r 

for each r > 0, where the cup product is taken with respect to the product structure 
of{% n {r)x i ,} r >o i n tne derived category ofetale sheaves on X* , cf. Remark B. 101 (1). 
Moreover, the Chern classes c(E+) are characterized by these three properties. 

Proof. The properties (1) and (2) immediately follow from this definition of Chern classes. 
The last assertion on the uniqueness follows from the splitting principle of vector bundles, 
whose details are straight-forward and left to the reader. 

We prove the property (3) using the arguments of Grothendieck in [GJ p. 144 Theorem 
1 (iii), as follows. Let tt' : D'+ — > X* and n" : D" — > X* be the (simplicial) flag schemes of 
E+ and E", respectively, and put 

which is identified with the flag scheme of 7r"*E' it over D". Let / : D+ — > X+ be the natural 
projection. Since the pull-back map 

f* : H 2i (X^ n (i)) — ► X n (i)), 

is injective by (T5A31 . we may replace (X*, E*, E'„ E'l) with (£>*, to as- 

sume that E* has a filtration by subbundles 

= El D El D ■ ■ • D El = (a := rank(£)) 

such that the quotient E\jE % ^ rX is a line bundle over X* for < % < a — 1 and such that 
El = for b = rank(£"). Now let 

g : X; := P(£*) — > X, 

be the projective bundle associated with E*. Let L+ be the tautological line bundle over 
X' = F(E+) and let s : X^ — > g"*^ <g) =: be the section induced by the canonical 
inclusion (L*) v 

s : Xl —t A^, — ► <g) = F* . 

Put FJ := g*F* ® L and V£ := s~ l (Fl) for < i < a. Then V^ a is empty because s does not 
vanish. Moreover \Q is a simplicial object in V and the section 

Si :v:^fi\ v: ^{f:/f^)\ v1 
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meets the zero section trans versally for < i < a — 1, cf. [GJ p. 147. On the other hand, to 
prove the Whitney sum formula, it is enough to show 

m+n—l 



II c 1 (f:/f: +i ) = o. 



i=0 

By these facts, we are reduced to the following simplicial analogue of loc. cit. p. 141 Lemma 
2: 

Lemma 5.6. Let X* be a simplicial object in V with do, d\ : X\ — > Xq smooth. Let E* be a 
vector bundle of rank a over X+. Let (-E*)o<i<a be a descending filtration on E+ such that E\ 
is a subbundle of rank a — i with E® = E+ and such that the quotient line bundles El/E\ +1 
exist. For 1 < i < a, put 

^■^c^Ei-'/EDeH^x^i)). 

Let s : X+ —¥ E* be a section of E* — > X* . For < i < a, put 

VI := s-\El), LI := (El/Ei +1 )\ V i (restriction of El/ E^ 1 onto V*\ 

and let : V£ — > L\ be the section induced by s. Assume the following condition: 

• VI is a simplicial object in V for < i < a, and s s intersects the zero section 
transver sally for < i < a — 1. 

Then we have 



i=l 

Here dx* (V+) denotes the value of 1 under the Gysin map 

Z/ V n Z = H°(V:,1 n (0)) — ► H 2a (X+,1 n (a)) 

and the product on the right hand side means the cup product with respect to the product 
structure on T ri (*)x i , cf. Remark ^. 101 (1). 

One can easily check this lemma by the properties of the Gysin morphisms in Proposition 
15.41 and the arguments in loc. cit. p. 141 Lemma 2. This completes the proof of Proposition 
1531 " □ 

Now let X be a scheme which belongs to V. Applying the construction of Chern classes 
to the case X* = B*GL r /X and E± = universal rank r bundle over B^GL^/X, we obtain a 
Chern class 

c r (E,)e^(B,GL r /I,I ri (r)), 

which is called the universal rank r Chern class. On the other hand, let I n ( r )x be an in- 
jective resolution of the complex C n (r)' x on X& defined in Definition 13 .51 and consider the 
following complex of abelian sheaves on X Zar : 

► ej n {r) 2 ^ 2 *3 eMr) 2 ^ 1 ^ Ker(e^ : e,J„(r)£ -> e*/ n (r)^ +1 ). 

Here e : X& — > Xz ar denotes the continuous map of small sites, and we regarded this 
sequence as a chain complex with the most right term placed in degree 0. We apply the 
Dold-Puppe construction HDPH to this complex to obtain a sheaf of simplicial abelian groups, 
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which we denote by K(T n (r), 2r). For a closed subset Z of X and a non-negative integer 
i > 0, we define the Chern class map 

(5.6.1) c* : iff (X) — ► X n (r)) 

as the following composite map (cf. HGill Definition 2.22): 

Kf{X) — ► ^(Xz^ZxZ^B.GL^)) 
^> ^(X Zar ,Z oc B,GL(^ x )) 



7ri(ZooC r ) 



H z l (X Zari Z^KCZnir), 2r)) S #l M (X, t , 1 n (r)). 



Here denotes the Bousfield-Kan completion [BoKJ, and we have used the universal rank 
r Chern class c r (E+) to define the arrow ^(ZoqCj.). See HGill Proposition 2.15 for the first 
arrow and see loc. cit. p. 226 for the last isomorphism. The map c* agrees with c r for 
X* = X (constant simplicial scheme) defined before. 

Theorem 5.7. (1) cfj is contrcivariantly functorial in the pair (X, Z), that is, for a mor- 
phism f : X — > X' inV and a closed subset Z' C X' with f~ x {Z') C Z, there is a 
commutative diagram 



K?{X>) 

r 

Kf{X) 

(2) cfj is additive for i > 0. 

(3) The induced Chern character 

ch : KiiX) 

i>0 



Hfr{X',% n {r)) 

r 



H^(X,Z n (r)). 



J] H\X,Z Qp (r)) 

i,r>0 



with H % (X, 1(Q p (r)) := Q p ®% p hjn n >i H l (X, T n (r)) is a ring homomorphism. 

Proof. (1) follows from the functoriality results in Proposition 15.51 (2) and Proposition 13.71 
The assertion (2) follows from Proposition 15.51 (3) and HGill Lemma 2.26. See loc. cit. 
Definition 2.34 and Proposition 2.35 for the assertion (3). □ 



6. Purity along log poles 

This and the next section are devoted to the construction of cycle class maps from higher 
Chow groups to p-adic etale Tate twists. Let k be a field of characteristic p > 0, and let Y be a 
normal crossing variety over k. Let c be a positive integer. Let D be a non-empty admissible 
divisor on Y, and let Z be a reduced closed subscheme of Y which has codimension > c 
and contained in D. Let i : Z Y be the natural closed immersion. In this section, we first 
prove the following purity result: 

Theorem 6.1 (Purity). We have R q i l v r (YD) = Ofor q < c. 
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See Theorem 16.51 below for a consequence of this theorem. Note that the assertion for q = c 
does not follow directly from Gros' purity HGrlH II Theoreme 3.5.8, even when Y is smooth. 
The case that Y is smooth has been considered and proved independently by Mieda ( UMilll 
Proof of Theorem 2.4, HMi210 . Although the proof of Theorem 16 . 1 1 given below is essentially 
a variant of Gros' proof of HGrlM II Theoreme 3.5.8, we include detailed computations for 
the convenience of the reader. 

Proof of Theorem \6J\ Since the problem is etale local, we may assume that Y is simple and 
that there exists a pair {$/ ', @) satisfying the following (1) and (2): 

(1) W is smooth over k and contains Y as a normal crossing divisor, 

(2) @ is a normal crossing divisor on such that FU^ has normal crossings on & 
and such that Y n Qi = D. 

Then we have a short exact sequence on 



(a variant of (12.1.11) ). which reduces the assertion to the case that Y is smooth over k and that 
D has normal crossings on Y. Furthermore, we may assume that Z is regular and of pure 
codimension c by a standard devissage argument. In what follows, we prove 



assuming that Y is smooth over k (and that Z is regular and contained in D). By the short 
exact sequences on Y& 



The assertion (16.1.21) follows from the smoothness of Y and the fact that Vt Y (\ogD) and 
3fy{\ogD) are locally free over Gy and (&y) p , respectively. 

We prove (16.1.31) in what follows. Since the problem is etale local on Z, we may assume 
the following condition: 

(*) Y is ajfine, and there exists a regular sequence ti, ■ • ■ ,t c G r(Y, t?y) such that 
the ideal (tj, • • • , t c ) C Gy defines Z and such that t\, ■ ■ ■ , t a (1 < a < c) are 
uniformizers of the irreducible components of D. Moreover, Q Y is free over &y and 
has a basis {dt\}xeA which contains dti, . . . , dt c . 
Let r be the natural open immersion 




(6.1.1) 



R q rW n n r c 



(Y,D),log 



for g^c+1, 





For j = 1 




Y. 



dj : Y[t 1 , . . . , tj_i, tj +1 , . . . ,t c 1 } 



Y. 



We recall here the following standard fact (cf. HGrll II (3.3.6)): 
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Lemma 6.2. We have isomorphisms of sheaves on Z& 

(6.2.1) R c rn r Y (\ogD) ~ r«.T*fi£(logZ>) / £J =1 ^^(logD) 

(6.2.2) R c i^{\ogD) ~ r,r*^;(lo gj D)/E, C =i ^^(logD) 

where we regarded the sheaves on the right hand side as sheaves on naturally. 
We define an ascending filtration Fil m (m > 0) on T*T*f2 y as 



Fil m (r*r*fi y ) := { — u G r*T*O y 

K Y> \ {tit 2 ■ ■ ■ t c y m Y 

Let Fil. (R c vVL r Y (log D)) be the induced filtration, and let FN. (i? c ii£y (log!))) be its inverse 
image under the canonical map 

(6.2.3) R c v3%{\ogD) — ► R c i [ Q Y (log D)) 

induced by the natural inclusion J^(log-D) e — >■ f2 y (log-D)). Note that 

oo 

R c i^{\ogD) = |J Ri w (it: c r^:(iogL>)). 

m=0 

We prove here the following lemma. 

Lemma 6.3. (1) The map (16.2.31) is infective. 

(2) Fil m (i? c i ! S^(log .D)) is generated by elements of the form 

1 



with u G 3?y-> 



where [—] denotes the residue class in F\\ m (R c v ^{-(logD)) via (16.2.21) . 
(3) The kernel of the projection via (16.2.11) 

Fil m (T*r*O y ) — »• Fil m (f2 c i ! f2 y (log£>)) 

agrees with the subgroup 

uj G fi£r(]ogDj-) (1 < J < a) 
u; 5 - G O y (a < j < c) 



1 

2^ ^ — : 



^ (tl---t i -lt i +l---t c ) pm 

where Dj C F denotes the regular divisor defined by tj for 1 < j < a. 

Proof. We prove (1). By the short exact sequence 

— ► 2%{\o%D) — > ft y (logL>) -A ^ y +1 (logD) — ► 0, 

we have a long exact sequence on Z& 

> R c - l r^ r Y +1 (log D) — > R c i ^i\ogD) — > iri ! ft y (log£>) 

The assertion follows from the smoothness of F and the fact that ^ y +1 (log -D) is locally free 
over (<^y) p . The assertion (2) is a consequence of (1), and (3) is straight-forward. □ 
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We turn to the proof of (16.1.31) . and compute the map 1 — C in (16.1.31) : 
(6.3.1) l-C : R c i^{\ogD) — ► R c rQ r Y {log D)), 

using the filtration Fil.. Put 

S r m(-) : = FiU(-)/Fil m _i(-). 

Since we have 

C[- = \ —C(u) for w6£, 

the Cartier operator preserves Fil. (by Lemma 1631 (2)) and induces a map 

gr m (C) : gr m (R c t l ^(\ogD)) — ► gr m (i« ! oT r (logL>)), 

which is the zero map for m > 2. Hence we have 

the kernel of d63U) C Fili(i? c r 3^ (log D)). 

Let Dj C Y be as we defined in Lemma l631 (3) for 1 < j < a. Fix an arbitrary to G 3f Y , and 
assume that 

1 e Fil^iFi'^QogD)) 



x 



• to 



Xht 2 ---t e )p 

belongs to the kernel of (16.3.11) . To show (16.1.31) . we have to prove that 

(( - , s V" + v f fvj e fi^OogDj-) (1 < j < a) 

(6.3.2) to = > for some < 

^ J ' H-e^y (a<j<c) 

in fiy(logD), which is equivalent to that x = in R c v Jy(log D) by Lemma [631 (1 ) and 
(16.2.11) . Since x = C(x) in Fili(i? c 2 ! f2 y (log-D)) by assumption, we have 



I 1 c i 

■u C(co) = > t -a, in t*t*Q y 



for some otj G fly (log .Dj) (1 < j < a) and oij G fly (a < j < c) by Lemma l63l (3). This 
implies 

c 

(6.3.3) u = (Ma ■ ■ ■ t c y- l C{uj) + fP j a i in Q y , 

3=1 

and our task is to prove that 

(6.3.4) ( tA • • • tc r 'CM = ± e s for some f << * ":<>° g B >> J 1 ^ f > 

[Cj e Ay (a < J < c). 

Take a basis {g^a}ag/i of fl y over <^y which contain dt%, . . . , G?i c ( see the condition (*)). Fix 
an ordering on A and let J be the set of all r-tuples A = (Ai, A2, • • • , A r ) of elements of A 
satisfying 

Ai < A 2 < • • ■ < A r . 

For A = (A 1; A 2 , ■ ■ ■ , A r ) G J, put 

dt x := dt Xl A dt x , 2 A • • ■ A dt Xr G fl y . 
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Using the basis {dt\}\ e j of Vt Y over G Y , we decompose C(u) as 

(6.3.5) C(u) = e + 5 (e,(5e^), 

Here e is an -linear combination of dt^'s which contain dij for some 1 < j < a, and 5 is 
an i^y-linear combination of dt A 's which contain none of dti, . . . , dt a . We have 

a 

(6.3.6) {tit 2 ■ ■ ■ tcf-h = for some & e WrQ°8 D i) 0- < 3 < «)> 

3=1 

which implies (16.3.41) if 5 = 0. Otherwise, we proceed as follows. Put 

y.= (t 2 t 3 ---t c y- 1 5en r Y . 

Since du = 0, the equalities (16.3.31) and (16.3.61) imply 

2 dti Ay = € 1 dy +> for some < Pj yv 6 j; v _j_ ; 

1 1 jr[ 3 ' (P'jeWy (a<J<c). 

By this equality and the assumption on S, we see that 

r*n\ + v-i A+ a V" +P/ p/' f J/?" E Vly (log Di) 

(6.3.7) k, dtiAy=} v\p, for some < ,, 

jri 3 3 \^'efiy (2<J<c). 

To proceed with the proof of (16.3.41) . we need the following lemma: 
Lemma 6.4. Let f and g be the following Gy-linear maps, respectively: 

f -.n Y — ► n r +\ z h-> dti a 2, 

g : ft£,(log£>i) — ► ^(logDi), z^^Az. 

Then the following holds: 

(1) For m > 1, we have 

lm(/)n (c^y +1 (lo gj Di) + ^tf fi y +1 ) = Clm(^) + ^t, m lm(/). 

V j =2 / j= 2 

(2) For m, n > 0, we have 



i=2 ' i=2 



(3) For m > 0, ?/ze sequence 



6-^ i L-^ \ Ly & Ly 



is exact. 



Proof These assertions follow from linear algebra over & Y . The details are straight-forward 
and left to the reader. □ 
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By (16.3.71) and Lemma [641 (1) for m = p, we have 

c 

(6.4. 1) t\~ 2 dh A y = dh A 7i + *? A 7i 

for some 71 e f)y(log!?i) and some 7, G fi y (2 < j < c). If p — 2, this equality implies 

(6.4.2) t p ~ 2 dhAy = t p ~ 2 dh A ^t l7l + ^ ^ 7^ . 

If p > 3, we obtain (16.4.21) from (16.4.11) by replacing 72, • • • , 7c suitably in VL r Y (2 < j < c), 
where we used Lemma l6~4l (2) for (m, n) = (p,p — 2). Noting that t^i and 7j - (2 < j < c) 
belong to Vt r Y , we have 

c 

f- 2 y = t\- 2 dt x a ■& + trSi + X) *? (TS) for s ° me # e ^r 1 

i=2 

by (16.4.21) and Lemma l6~4l (3) for m = p — 2. Thus we have 



t 2 ■ ■ ■ uy-H = tr 1 y = t? ^ a 1? + 7 i) + E *? (*TS), 



J=2 

which implies (16.3.41) (see also (16.3.51) . (16.3.61) ). This completes the proof of (16.3.2b . (16.1.31) 
and Theorem 16. II □ 

Theorem 6.5. Let S, p and X be as in Setting [3TT1 and to cbe a positive integer. Let D be 
a non-empty normal crossing divisor on X, and let Z be a closed subset of X which has 
codimension > c. Put U := X — D. Then we have 

(6.5,) WMM*^^ 

In particular, when Z has pure codimension r on X, we have 

(q< 2r) 

Z/p n [Z°nU] (q = 2r), 

where Z/p ra [Z° fl U] means the free X/p 11 -module generated by the set Z° fl U. 



(6.5.2) H 9 z (X,Z n (r) {x ,D)) 



Proof. Admitting (16.5.11) . we obtain (16.5.21) from the purity of % n (r)u ( HSa2l Theorem 4.4.7, 
Corollary 4.4.9) and the absolute purity of /x®„ r on U\p~ l ] ( llFGll ). To show (16.5.11) . we divide 
the problem into the following 4 cases: 

(1) Z C D(~]Y (2)Zc DandZ^ Y 

(3) Z is arbitrary and q < r + c (4) Z is arbitrary and q = r + c. 

The case (1) follows from Theorems l3.3ll6.1l (see also Remark l3.12l) and the same arguments 
as in HSa2l Theorem 4.4.7. The case (2) follows from the case (1) and the same arguments 
as in loc. cit. Corollary 4.4.9. The case (3) also follows from similar arguments as for the 
previous cases. To prove the case (4), write Z as the union of closed subsets 



z = z x u z 2 , 
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where Z\ has pure codimension c on X, Z 2 has codimension > c + 1 on X and we suppose 
that no irreducible components of Z 2 are contained in Z\. Since Z\ fl Z 2 has codimension 
> c + 2 on X, the assertion in the cases (l)-(3) and a Mayer-Vietoris long exact sequence 

► H r +° Z2 (X,Z n (r) iXjD) ) — ► H^ c (X,Z n (r) {x , D) ) — ► 7^ +c (X, Z n (r) (XjD) ) 

3=1,2 

— ► #Kn£( X > ^«( r )(*,£>)) — ^ • ■ ■ 
imply isomorphisms 

^ +c (X,Tn(r) ( x,D)) * ^+ c (X,T„(r) (XiD) ) ~ 7^+ c (X, % n (r) (x>D) ). 

3=1,2 

Similarly, we have #^(^ T n (r)^) ~ fl£^(l7, X„(r) a ) by the purity of ^(r)^ (EES 
Corollary 4.4.9). Hence we may assume that Z has pure codimension c on X. Moreover we 
may assume that no irreducible components of Z are contained in D by the cases (l)+(2) 
and a similar devissage argument. Then noting that Z fl D has codimension > c + 1 on X, 
we obtain the case (4) from the cases (l)+(2) and a long exact sequence 

► H r z + c D (X,Z n (r) (x , D) ) — ► /^ +c (X,<I n (r) (x , D) ) — ► flj* (17, £ n (r) a ) 

^^+ c D +1 (X,T„(r) (x , D) )-^---. 

This completes the proof of Theorem 16.51 □ 

Definition 6.6. Let X and D be as in Theorem 16.51 and let C be a cycle on U : = X — D 
of codimension r. Let W C U be the support of C and let W be its closure in X. Then we 
define the cycle class 

c\ x (C) e H^(X,1 n (r) (XiD) ) 
as the inverse image ofc\u(C) ( HSa2ll 5.1.2) under the isomorphism in Theorem \6.5\ 

tff (X,<X n (r) (x , D) ) ^ H%(U,Z n (r)u). 



7. Cycle class map 



Let S, p and X be as in Setting I3TTI In this section, we construct a cycle class morphism 

(7.0.1) c\ x :Z(r) x ® h Z/p n -^<I n (r) x in D~(X 6t , Z/p n ) } 

following the method of Bloch [B3J §4 (cf. UGLH §3, see also Remark 1731 below). Here 
Z{r) x denotes the etale sheafification on X of the presheaf of cochain complexes 

U^z r {U,*)[-2r], 

and z r (U, *) denotes Bloch's cycle complex 

> z r (U,q) A z r (U,q-l) ^4 • • • A> z r (U,0). 

(degree —q) (degree —q + 1) (degree 0) 

We review the definition of this complex briefly, which will be useful later. Let A* be the 
standard cosimplicial scheme over Spec(Z): 

A" := Spec(Z[t , h, . . . , t q ]/(t + h + ■ ■ ■ + t q = 1)). 
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A face of A q (of codimension a > 1) is a closed subscheme defined by the equation 

Ui — U 2 — • • • — U a — f° r some < «i < i 2 < • • • < < 

Now z r (£/, q) is defined as the free abelian group generated by the set of all integral closed 
subschemes on U x A q of codimension r which meet all faces of U x A q properly. Here a 
face of U x A q means the product of U and a face of A q . Noting that the faces of codimension 
1 are effective Cartier divisors, we define the differential map d q as the alternating sum of 
pull-back maps along the faces of codimension 1, which defines the above complex z r (U, *). 
We fix a projective completion A q of A q as follows: 

At := Proj (Z[T , T\, . . . , T q , ^/(Tq + T x + • ■ ■ + T q = T^)). 

Let D q C A q be the hyperplane at infinity: 



The following proposition plays a key role in our construction of the morphism (17.0.11) . 

Proposition 7.1. Let q and r be integers with q, r > 0, and let U be etale of finite type over 
X. Let E r,q be the set of all closed subsets on U x A q of pure codimension r which meet the 
faces ofUx A q properly. For W G S r,q , let W be the closure ofW in U x A q . Then: 

( 1 ) There is an isomorphism 

c\ r >«:z r {U,q)®Z/p n ^ Urn tff ({J x Z?, 1 n (r) {Ux ^ UxDq) ) 

sending a cycle C G z r (U, q) to the cycle class c\ Ux - A - q (C) {see Definition ^. 61) . 

(2) For W G S r ' q , the natural morphism 

r< 2r Rr w (u x^,£ n (r) (f/x2?iC7x0?) ) ~^H§(U xS,S n (r) (f/xZfi[/xB9) ) [-2r] 

is an isomorphism in the derived category of Z*/p n -modules. 

(3) Let C be a cycle which belongs to z r (U, q), and let W be the support ofC {note that 
W belongs to E r ' q ). Let i : U x A q ~ l ^ U x A q be the closure of a face map 
i : U x A q ~ 1 U x A q . Then the pull-back map 

i* : H^jr^U x A q , r Z n {r) ( ^ Ux - A ^ UxDq ^ — > H?^^ (u x A 11 ' 1 , ^n(r) ^ Ux ^ q -rr^ UxDq ^ 1 ^j 

sends the cycle class c\ Ux - A -^{C) to c\ UK ^=f(i*C), where i*C denotes the pull-back 
of the cycle C along i. 

Proof. (1) and (2) follow from Theorem [63] and the definition of z r (U, q). We show (3). By 
Theorem [63J it is enough to show that the pull-back map 

i* :H%(Ux A q ,Z n (r) UxAq ) — ► H* 1{w) (U x A«-\<X n (r) VxAq -i) 

sends the cycle class c\ UxAq (C) to c\ UxA i-^(i*C). To show this, put 

:= U x A q , £> := i(U x A q ~ l ) C and Y := - 9 
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and let t G r{f& , (?) be a defining equation of S>. Noting that i~ x {W) = W n consider 
the following diagram: 



9, 



tff+^T^r + l), 



-5 



i^+K<ar,x n (r+i)*; 



^+ 2 (^,T n (r + lV; 
ze(Wn®)° 



k(i/)7p" 



div 



Z/P" 

xe(VKn^) 



Here we defined a by sending cj G Hyf(^, 1 n (r)&) to {i| ^}Uw|y, where {t\y} denotes the 
symbol in H 1 ^, ) arising from t\y G r(Y, ff x ). The arrows i#, (7 and g' are Gysin 

isomorphisms (cf. HSa2ll Theorem 4.4.7). The arrows 5 are boundary maps of localization 
long exact sequences, and the central square commutes obviously. The arrow div denotes the 
divisor map, and the bottom square commutes by the compatibility in loc. cit. Theorem 6.1.1 
(for x with ch(x) = p) and [JSS] Theorem 1.1.1 (for x with ch(x) ^ p). The top square 
commutes by the following equalities (u G H^(^ , T n (r)^)): 

z* oi*(u) = c\ 9 (@) Uw = -<5({*k» Uw = -5({t|r} U w| r ) = -<5oa(u), 

where the first (resp. second) equality follows from the projection formula in HSa2H Corollary 
7.2.4 (resp. the same compatibility as mentioned before). Hence the assertion follows from 
the transitivity of Gysin maps for W H S 1 ^ S 1 ^ ^ (loc. cit. Corollary 6.3.3) and the fact 
that the divisor map div sends t\ y G n(y) x /p n to the cycle i*[y], where [y] means the cycle 
on % given by the closure of y. This completes the proof. □ 

We construct the morphism (17.0.11) . For U as in the proposition, there is a diagram of 
cochain complexes concerning • (see Corollary 13.81 (2) for G n (r)*)\ 



z r (U,q)®Z/p n l-2r] 



c \r,q 



lim H%[U x A''. •!„(/■ 



, ^n\i J(UxAi,UxDi) 



[-2r] 



lini r< 2r r w (U x Ai, G n (r)' Ux ^ 



i,UxDi) ) ' 



Here a r,q and f3 r,q are natural maps of complexes, which are obviously contravariant for the 
face maps U x A q ~ l ^ U x A q . The top arrow is also contravariant for these face maps by 
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Proposition ^. 11 (3). Hence we get a diagram of double complexes concerning (*, •) 

z r {U,*)®Z/p n [-2r] (d } lim r< 2r %([/ x^CM^^ J 

fir,* 

canonical / \ 

m GM) r (u x a*, G n (ry (Ux ^ UxD J , 

where the differential maps in the direction of * are the alternating sums of pull-back maps 
along the faces of codimension 1, and the bottom map is the inclusion to the factor at * = 0. 
The top and the bottom arrows are quasi-isomorphisms on the associated total complexes 
by Proposition 17 .11 (1). (2) and Corollary 14.3 [ respectively. We thus obtain the desired cycle 
class morphism (17.0.11) in D~(X^. t , Z/p n ) by sheafifying the diagram of total complexes. 

Remark 7.2. Assume that S is local. Then admitting the Bloch-Kato conjecture for norm 
residue symbols LB1KT] §3 ( HVolL HVo2L HWelO . one can easily see that the morphism (17.0.11) 
induces isomorphisms (cf. HSa2l Conjecture 1.4.1) 

T< r (Z(r)*® L Z/p n )^Z n (r) x in D b (X it ,Z/p n ), 

r< r (Z(r)| ar ® L Z/p n ) r< r Re*% n (r) x in D b (X Zan Z/p n ), 

by the Suslin-Voevodsky theorem HSVH (cf. UGLH ) and similar arguments as in [SSJ §A.2. 
Here Zir) 2 ^ denotes the complex ofZariski sheaves on X defined as U (-> z r (U, *•)[— 2r], 
and e denotes the continuous map of sites X& — > Xz ar - 

Remark 7.3. If X is smooth over S, then Zir) 2 ^ is concentrated in < r by a result of 
Geisser HGel Corollary 4.4. Hence his arguments in loc. cit. §6, Proof of Theorem 1.3 gives 
an alternative construction of (17.0.11) in this case. 



8. de Rham-Witt cohomology and homology 

In this section we define two kinds of de Rham-Witt complexes for normal crossing vari- 
eties playing the roles of cohomology and homology, and relate them with the modified de 
Rham-Witt complex of Hyodo [Hy2[ . The main results of this section are Theorems [O] and 
EHbelow. 

Let A; be a field of characteristic p > 0, and let Y be a normal crossing variety over k. Let 
U C Y be a dense open subset which is smooth over k, and let a : U ^ Y be the natural 
open immersion. 

Definition 8.1. We define the complex (WnAy, d) of etale sheaves on Y as the differential 
graded subalgebra ofa^W n Qlj generated by 

W n G Y and Ay„(c a*W n tiu), 

which we call the cohomological de Rham-Witt complex ofY. It is easy to see that W n Ay 
does not depend on the choice ofU. For n—l,W\ Ay is the same as the complex Ay defined 
m EaD §3.3. 
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By the relations 

( V(aR(x)) = V{a)x G W n+1 n r v (a G W n v , x G W n+1 % }og ) 

(8.1.1) I F{ax) = F(a)R{x) G W n QT v (a G W n+1 0u, x G W n+l tt r ulog ) 

(R(ax) = R(a)R(x) G W n % (a G W n+1 v , x G W n+1 n r Ujlog ) 

(cf. [Ull I Theoreme 2.17, Proposition 2.18), the operators V, F, R on WaVl^ induce operators 

V:W n A r y-^W n + 1 A r y, 

F:W n+l A r Y -^W n A r 



' n+1 Ay-^W n Ay, 



which satisfy relations 

(8.1.2) FV = VF = p, FdV = d, dF = pFd, Vd = pdV, 

(8.1.3) RV = VR, RF = FR, Rd = dR. 

The local structure of W n A r Y can be written in terms of the usual Hodge-Witt sheaves of the 
strata of Y. 

Proposition 8.2. (1) Assume that Y is simple, and let Yi, Y 2 , ■ ■ ■ ,Y q be the irreducible 
components ofY. Then there is an exact sequence on Y& 

o — ► w n A Y A w n n Yi A w n n r Yi A ■ ■ • A w n n r Yi — ► o, 

|/|=1 |/|=2 \I\=q 



where the notation is the same as in Proposition ^. 2\ 
(2) Assume that Y is embedded into a smooth k-variety W as a normal crossing divisor. 
Let i : Y ' <^-> & be the closed immersion. Then there is a short exact sequence on ^ t 

— ► W n n r &(-logY) — >• W n O& A i*W n A Y — >• 0. 

Proof. (1) follows from the contravariant functoriality of Hodge- Witt sheaves of smooth 
varieties and the same arguments as for USalll Proposition 3.2.1. The assertion (2) follows 
from (1) and BMol Lemma 3.15.1. □ 

We next introduce homological Hodge- Witt sheaves. 

Definition 8.3. For r > 0, we define the etale sheaf W n S Y on Y as the WnGy-submodule 
of ' OtWrSFv generated by v Yn {d a^WnVty). Similarly as for W n A Y , the sheaf W n S Y does 
not depend on the choice of U. For n = 1, W\ S Y agrees with the sheaf E Y defined in USalll 
§2.5. 

Since \ r Yn C v r Yn by definition, we have W n A Y C W n S Y , which agree with W n Vt r Y when Y 
is smooth (cf. USalll Remark 3.1.4). The following local description will be useful later. 

Proposition 8.4. ( 1 ) Under the same setting and notation as in Proposition ^ .2I ( 1 ), there 
is a canonical ascending filtration F a (a > 0) on W n S Y satisfying 

Fa(W n S Y ) = and gr F a W n ~ Y ~ W n n r Yl a+ \ 

\I\=a 

where the isomorphism for a > 2 depends on the fixed ordering of the irreducible 
components ofY. 



CYCLE CLASS AND p-ADIC REGULATOR 31 

(2) Under the same setting and notation as in Proposition ^. 21 (2). there is a short exact 
sequence on <3f& 

o — ► w n n r + l — >• w n w+ l (\o g Y) -A « y — >• o, 

where q is induced by the Poincare residue mapping 



r 



Proof. We first recall the following fact due to Mokrane [Mofl Proposition 1.4.5. Under the 
setting of (2), let F a W n £l^(\og Y) (a > 0) be the image of the product 

WW(logY) x w n n™~ a — > W n Q%(\ogY). 

Put F -iWuVL^iXogY) := 0. Then there are isomorphisms 



(8.4.1) gr a F W^(lo g y) 



|/|=a W n V$- a (a > 1), 



which are induced by Poincare residue mappings for a > 1 and depend on the fixed ordering 
of the irreducible components of Y for a > 2. We prove (2). Because the complement 
U := Y — U has codimension > 2 on f and the sheaves W n Vt T ^ 1 and W n VL r ^ 1 (\ogY) 
are finitely successive extensions of locally free (^-modules of finite rank ([UU I Corollaire 
3.9), the sequence 

o — > — »• w^n^Oogr) (i<7),iw 

is exact by (18.4.11) for W — £. Hence it is enough to show that lm(f? ) = i*W n S Y . Let 
F a (z/y n ) (a > 0) be the filtration on v Yn in USalll Proposition 2.2.1, which is defined under 
the assumption that Y is simple and satisfies 

FoK,J=0 and gr a F ^„ ~ W n Q^ (non-canonically). 

\I\=a 

Hence comparing this local description of v Yn with (18.4.11) for m = r + 1, we see that 
l m (f?o) = i*W n E Y . As for (1), we define the desired filtration F a (W n S Y ) as the W n @Y- 
submodule generated by F a (u Yn ). This filtration satisfies the required properties by (2) and 
again by (18.4.11) . □ 

Since the residue mapping g in Proposition ^ .41 (2) commutes with the operators d, V, F, R 
(cf. (18.1.11) ). these operators on W n Vt1j induce operators 

d: W n ~ Y -^W n ~ r Y +1 , 
V : W n 5 Y — ► W n+ lEy, 
F:W n+1 ~ Y -^W n ~y, 
R:W n+1 ~ Y —>W n ~y 

by Proposition 18.41 (2) (without the assumptions in Proposition 18.41 (1) or (2)), which sat- 
isfy the relations listed in (18.1.21) and (18.1.31) . We call the resulting complex (W n E Y , d) the 
homological de Rham-Witt complex ofY. 
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Remark 8.5. There are natural injective homomorphisms of complexes 

dim(Y) dim(Y) 

AU-r] ^ W n A Y , u Y J-r] ^ W n S Y , 

r=0 r=0 

where the differentials on the complexes on the left hand side are defined as zero. Indeed the 
differentials on W n fl^ are zero on W n l . 



The following Proposition [K6] and Theorem IET81 explain a fundamental relationship between 

W n A Y and W n S Y . 

Proposition 8.6. The complex W n S Y is a W n A Y -module, that is, there is a natural W n Gy- 
bilinear pairing 

(8.6. 1) W n A r Y xW n ~ Y ^ W n ~ r Y +s (r, s > 0) 

satisfying the Leibniz rule 

d(x ■ y) = (dx) ■ y + {-l) r x ■ dy (x G W n A Y , y e W n E Y ). 
Moreover this pairing is compatible with R and satisfies relations 

F{x ■ y) = F{x) ■ F{y) 

x ■ V(y) = V(F(x) -y) (x e W n A Y , y E W n E Y ). 
V(x)-y = V(x-F(y)) 

Proof. The pairing (18.6.11) is induced by the product of W n fi^ and the biadditive pairing 

A Y,n X V Y,n f V Y,n 

defined in USall Definition 3.1.1. The properties of the pairing (18.6.11) follow from the cor- 
responding properties of the product of W n Vtlj ([QTI I Theoreme 2.17, Proposition 2.18). □ 

Remark 8.7. When k is perfect and Y is the special fiber of a regular semistable family X 
over a discrete valuation ring with residue field k, we have 

W n A' Y c W n u Y C W n E Y 

by USall Proposition 4.2.1. Here W n u) Y denotes the modified de Rham-Witt complex associ- 



ated with X [Hy2|. The complex W n ^ Y does not in general have a product structure unless 
Y is smooth. 

Theorem 8.8. Assume that k is perfect and that Y is proper over k. Put b := dim(F) and 
W n := W n {k). Then: 

(1) There is a canonical trace map tr n : M 2b (Y, W n E Y ) — > W n , which is bijective ifY is 
geometrically connected over k. 

(2) The pairing 

W(Y, W n A Y ) x H 26 -(F, W n S Y ) S- U 2b (Y, W n S Y ) W n 
is a non-degenerate pairing of finitely generated W n -modules for any i > 0. 
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Proof. (1) Let f n be the canonical morphism W n Y — > W n , where W n Y means the scheme 
consisting of the topological space Y and the structure sheaf W n ff Y . Since HI 2b (Y, W n S Y ) — 
H b (Y, W n £ Y ), our task is to show that 

(8.8.1) W n ~ b Y ^f n W n in D+(W n Y,W n Y ), 

where the subscript qc means the triangulated subcategory consisting of quasi-coherent co- 
homology sheaves and f n means the twisted inverse image functor of Hartshorne [HaJ. If Y 
is smooth, (18.8.11) is a theorem of Ekedahl [EJ. In the general case, (|8.8.1I) is reduced to the 
smooth case by Proposition 18 .41 (2) and the same arguments as for USall Proposition 2.5.9. 

(2) The case n = 1 follows from USalU Corollary 2.5.11, Proposition 3.3.5. The case 
n > 2 follows from a standard induction argument on n and the following lemma: □ 



Lemma 8.9. (1) There are injective homomorphisms 

p:W n -x A Y W n A Y and p:W n ^E Y ^ W n S Y 

induced by the multiplication by p onW n A r Y and W n S Y , respectively. 
(2) The following natural projections of complexes are quasi-isomorphisms: 

W n Ayjp_{W n _ x Ay) — ► Ay and W n S Y /p{W n ^S Y ) — ► S Y . 

Proof. When Y is smooth, the assertions are due to Illusie [UTJ I Proposition 3.4 and Corol- 
laire 3.15. In the general case, (1) follows from that for the dense open subset U C Y we 
fixed before. To prove (2), we may assume that Y is simple. Then the assertions follow from 
those for the strata of Y and Propositions [Q ( 1 ) and l8~4l ( 1 ) . □ 

In the rest of this section, we work under the following setting. Let A be a discrete valu- 
ation ring with perfect residue field k, and let X be a regular semistable family over A. Put 
Y := X ® A k. Recall that 

W n A'y C W n UJy C W n S y 

by Remark 18.71 We define a Frobenius endomorphism ip on these complexes by p m F on 
degree m > 0. There is a short exact sequence of complexes with Frobenius action 

— A 

(8.9.1) — > W n u Y {-l)[-l\ W n uj Y — >W n uj Y — >0 



by [ |Hy2[ | (1.4.3), where the complex W n u Y (— 1) means the complex W n u Y with Frobenius 
endomorphism p ■ cp. The monodromy operator 

N : Wntuy — )• W n u Y (-l) 

is defined as the connecting morphism associated with this sequence. 

Proposition 8.10. There is a short exact sequence of complexes with Frobenius action 

(8.10.1) — ► W n A Y — ► W n u Y — >• W n S Y (-!)[-!] — >• 
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fitting into a commutative diagram of complexes 

W n U'y(-l)[-l] 

W n Ay W n U'y W n Sy(-l)[-l] 

W n Uy. 

Consequently, we obtain a complex of W n (k) -modules with Frobenius action for i > 

(8.10.2) W(F, W n A Y ) -> W(Y, W n u Y ) ^ W(Y, W n u Y )(-l) -> W(Y, W n E Y ){-l). 

Proof. Let a : U F be as before and define a homomorphism 9 : W n co Y — )■ cr*W4f2^ _1 
as the composite 

where the second arrow is obtained from the fact that the sequence (18.9.11) splits on U. It is 
easy to see that d satisfies 

dd = dd and dF = pFd, 

which induces a map of complexes d* : W n u Y — > a*W n VLl,{— 1)[— 1]. To show that d* 
induces the exact sequence (18.10.11) . we may assume the assumption in Proposition 18 .21 (2) . 
Then we have an isomorphism of complexes 

W n u Y ~ W n n^(\ogY)/W n n^(-\ogY) ( jHy2l | p. 247 Lemma) 

and the assertion follows from Propositions 18.21 (2) and 18.41 (2). The commutativity of the 
diagram in the proposition is straight-forward and left to the reader. □ 

Now we prove that the monodromy-weight conjecture for log crystalline cohomology 
implies an invariant cycle 'theorem' (cf. 021 2.4.5), which will be useful in §^9l4TOl below. 
Let A be a discrete valuation ring with finite residue field k, and X be a regular scheme 
which is projective flat over A with strict semistable reduction. Put K := Frac(TV (k)) and 
Y := X ®a k. For integer i > 0, we define 

(8.10.3) & := Q p ®z v W(Y, W n A' Y ), 

n>l 

(8.10.4) D* := Q p ® Zp hm W (F, W n u Y ), 

n>l 

(8.10.5) E? := Q p ® Zp hm tf(F, W n S Y ), 

n>l 

which are finite-dimensional vector spaces over K . The content of the monodromy-weight 
conjecture due to Mokrane is the following: 

Conjecture 8.11 ([Mo] Conjecture 3.27). The filtration on D l induced by the weight spec- 
tral sequence (loc. cit. 3.25, cf. UNal (2.0.9;p)) agrees with the monodromy filtration induced 
by the monodromy operator N : D l — > D l (— 1) ( HMoU 3.26). 
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Theorem 8.12. Let i > be an integer, and assume Conjecture 18.1 W for D l . Then the 
following sequence of F-isocrystals induced by (18.10.21) is exact: 

C l D i D\-l) E^-l). 

Proof. Suppose that = p a . Then (p a is K -\inear and we use the notion of weights 

concerning ip a . Because the groups 

W{Y,W n Ay), W(Y, W n LOy) } W{Y,W n Ey), W{Y,W n u' Y ) 

are finite for any n > 1, there is a diagram of F-isocrystals with exact rows by (18.9.11 ) and 
Proposition 18 .101 

& - D i DH-l) D i+1 



C' 1 — — & — ^ &~\-\) C i+1 D l+1 — ^ E\-l), 

where we put 

& :=Q p ®z p hm W(Y,W n u Y ). 

n>l 

By the assumption on D\ Ker(iV) has weights < i and Coker(iV) has weights > i + 2. Hence 
for the reason of weights, it is enough to show the following lemma, where we do not need 
Conjecture [8JT] 

Lemma 8.13. For integers i > 0, C l has weights < i and E % has weights > i. 

Proof of Lemma\KJ3\ When Y is smooth, the lemma is a consequence of the Katz-Messing 
theorem [KMJ. In the general case, C 1 has weights < i by the spectral sequence of F- 
isocrystals obtained from Proposition l8.2l (T) 

\I\=S+\ 



where we put 

Dj -.= Q P ®z p fim e*(y /; w n n Yl ). 



Moreover E % has weights > i by the duality result in Theorem 18 .81 Thus we obtain Lemma 
l8T3l and Theorem I8T21 □ 

Remark 8.14. One can show Lemma \S.13[ for E % alternatively by the Katz-Messing theorem 
and the spectral sequence obtained from Proposition ^. 4I ( 1) 



E^ = Df +t (s) =^ E s+t 

1X1=1— s 
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9. Comparison with the finite part of Bloch-Kato 

In this section we relate the cohomology of p-adic etale Tate twists with the finite part of 
Bloch-Kato [B1K3. Let p be a prime number, and let K be a p-adic local field, i.e., a finite 
extension of Q p . Let Ok be the integer ring of K, and let k be the residue field of Ok- In this 
section we consider Tate twists only in the sense of G^-Zp-modules (and not in the sense of 
F-crystals). For a topological Gif-Zp-module M and an integer r 6 Z, we define 



M(r) :-- 



M® Zp Z p (l)® r (ifr>0), 
Hom Zj ,(Z p (l)®(- r ),M) (ifr<0), 

where Z p (l) denotes the topological G^-module hjn n >i fi p n(K). 

Let X be a regular scheme which is projective flat over Ok with strict semistable reduc- 
tion, and put Xk '■= X ®o K K and Y := S£ ®o K k. Let j : Xk > X be the natural 
open immersion, and let i and r be non-negative integers. Put i /l := H. % {Xrg, Q p ) (see also 
Notation) and 

iT +1 (X,<X Qp (r)) := Q p ® %p km # i+1 (X, T n (r) x ), 

n>l 

which are finite-dimensional over Q p . Let F* be the filtration on H l+1 (X K , Q P (r)) resulting 
from the Hochschild-Serre spectral sequence 

(9.0.1) Ef = H a (K, r\r)) =^ H a+b (X K , Q p {r)). 

Let F q H i+1 (X,% Qp (r)) be the inverse image of F q H i+1 (X K , Q P (r)) under the canonical 

map j* : H i+1 (X,i Qp (r)) H i+1 (X K , Q p (r)). We have 

^ := gr^ +1 (X,T Qp (r)) ^ gr^ +1 (X K , Q p (r)) = H\K^\r)) 
by definition. We relate <P l ' r with the finite part of Bloch-Kato HB1K2B : 

Hj(K, r\r)) := Ker(. : H\K, Y\r)) -> ^(K, V 1 ® Qp E crys )). 

where -B crys denotes the period ring of crystalline representations defined by Fontaine HFolH . 
and l is induced by the natural inclusion Q p (r) £> C rys- The main result of this section is as 
follows 

Theorem 9.1. Assume < r < p — 2 and Conjecture 18. 1 l[ /br D J := _D l (y). TTien we /zave 

<P { ' r C r*(r)). 
iw^er ifr > dim(X K ) - p + 3, f/zen we /zave #' r = ^(r)). 
Remark 9.2. VVTzen X w smooth over Ok, Theorem \9.l\ is a part of the p-adic point conjec- 



ture raised by Schneider [ScJ and proved by Langer-Saito ULSB and Nekovdf UNell . 
We first prepare a key commutative diagram (19.2.11) below to prove Theorem 19. 1[ Put 

H i+1 (X,T< r Rj*Q p (r)) := Q p ® Zp km H i+1 (X,r< r Rj*pp) 



and let F q H i+1 {X, r< r Rj^) be the inverse image of F q H i+l (X K) Q p (r)) under the map 

j* : H i+1 (X,r< r Rj^p) H i+1 (X K ,Q p (r)). 



CYCLE CLASS AND p-ADIC REGULATOR 37 



To prove Theorem l9.ll we construct the following commutative diagram for < r < p — 2: 
(9.2.1) H\K, r*(r)) F l H i+ \X, T< r Rj*Q p (r)) 




crys 



where E l := E t (Y) is as in (18.10.51) . and D l /ND l denotes the cokernel of the monodromy 
operator N : D % — > D % . The top arrow is induced by j* and an edge homomorphism of the 
spectral sequence (19.0. 11 ). The arrow e is induced by the complex (18.10.21) . and the arrow a' 
is induced by the composite map 

H i+l (X, T< r RUn%) ^ H l+1 - r (Y, u r Y ; n l ) — ► W(Y, W n E' Y ) (n > 1). 

See Theorem 13 .41 for a and see Remark [831 for the last map. The constructions of the arrows 
a and 5 and the commutativity of the square (A) deeply rely on the p-adic Hodge theory. The 
commutativity of the triangle (B) is rather straight-forward once we define a (see Proposition 
19. 101 below). The proof of Theorem 19. II will be given after Proposition ^. 101 

Remark 9.3. In his paper IlLall . hanger considered the diagram (A) assuming that Ok is 
absolutely unramified (loc. cit. Proposition 2.9). We remove this assumption and the as- 
sumption (*) stated in loc. cit. p. 191, using a continuous version of crystalline cohomology 
(see Appendix A below). For this purpose, we include a detailed construction of a and a 
proof of the commutativity of (A). 

Construction of d. We first construct the map 5. There is an exact sequence of topological 
Gr-Q p -modules 

(9.3.1) o — ► v l ® Qp B crys — ► ® Qp B 5t ^ y* ® Qp B st — ► 0, 

where N denotes the monodromy operator on £? st . Taking continuous Galois cohomology 
groups, we obtain a long exact sequence 

o — ► {r % ® Qp B crys f« — > {y i ® Qp B st f* ^ (r< ® Qp B st f« 

By the C7 st -conjecture proved by Hyodo, Kato and Tsuji (EH, IEH, HTsTTl . cf. llNl2l ). the 
last arrow of the top row is identified with the map N : D % — > D % (see (19.3.31) below for the 
construction of C st -isomorphisms). We thus define the desired map 5 as the connecting map 
of this sequence. 

Cst-isomorphism. Before constructing a, we give a brief review of the C7 st -isomorphisms, 
which will be useful later ( HK4H . HTslI §4.10). See [K3J for the general framework of log 
structures and log schemes. Put 

W := W(k) and K := Frac(ty) = Wlp' 1 ]. 

For a log scheme (Z, M z ) and an integer n > 1, we define 

(Z n ,M Zn ) := (Z,M Z ) xspec(z) Spec(Z/p n ), 

where we regarded Spec(Z) and Spec(Z/p") as log schemes by endowing them with the 
trivial log structures and the fiber product is taken in the category of log schemes. Let 
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M be the log structure on X associated with the normal crossing divisor Y. Let Ok be 
the integral closure of Ok in K, and let M be the log structure on X := X ®o K Ok 
define by base-change (see (1A.0.2I) below). Put Y := Y £g> fc k. For n > 1 and s > 0, let 
^n~( s )(X m) e -D + (^et, %/p n ) be Tsuji's version of syntomic complex of (X, M) ( ^A.5I) . 
Let j : X^ X be the natural open immersion. For m,s > 0, we define the syntomic 
cohomology of (X, M ) as 

#™((X,M),J^>)) :=Q p ® Zp l>i H m (Y , Y~(s) m ) . 

n>l 

The following isomorphism due to Tsuji ( HTsllI Theorem 3.3.4 (2)) plays a crucial role: 

(9.3.2) H™ n ( (X, M) , yq p (s) ) ~ tf m (X, r< s i^Q p ( S )). 

The right hand side is isomorphic to ^ /m (s) = H m (X^, Q p (s)) if s > dim(X^) or s > m. 
We now introduce the crystalline cohomology of (X, M) over W: 

H™ s ((X,M)/W) Qp := Q p ® Zp lim H™ s ((X n , M n )/W n ), 

n>l 

where #™ ys ((X n , M n ) /W n ) denotes the crystal cohomology of (X n , M n ) over W n (see ^A.ll 
below). We define a G^-equivariant homomorphism 

as the composite map (<i := dim(X^)) 

(9-3.3) Y m ^ ^ n ((X,M),^ Q ~(d)) ® Qp Q p (-d) 

^4 F™ s ((X,M)/W0q p ® Qp Q p (-d) 

(3) 

^{D m ®k B+) n=0 ® Qp %(-d) 
^D m ® Ko B st , 

where (1) is obtained from the isomorphism (19.3.21) with s = d, the arrow (2) is the p d - 
times of the canonical map induced by (IA.5.21) below, and (3) is the crystalline interpretation 
of (D m ® Kq B+) N=0 due to Kato (BED §4, cf. Proposition |A3J](3) below). The map (4) 
is induced by the natural inclusion Q p (—d) B st . The £> st -linear extension of g m is an 
isomorphism by HTs2l Theorem 4.10.2: 

(9.3.4) r n ®Q p B*^D m ® Ko B l 



>>Ko -°st ; 



which we call the C st -isomorphism. Now we have a commutative diagram of G A -modules 
(9.3.5) i?™((X, M), J^») — F- S ((X, M)/W) Qp (D m ® Ko B+) N =° 

(932\ 

for m, s > 0, where the arrow (1) is the jf -times of the canonical map (IA.5.21) . and (2) is the 
crystalline interpretation of (D m <$ Ko B^.) N=0 mentioned in (19.3 .31 ) . This diagram commutes 
by the construction of (19.3.41 ) and the compatibility facts in HTslH Corollaries 4.8.8 and 4.9.2. 
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Remark 9.4. We modified the C st -isomorphisms in HTslH by constant multiplications to make 
them consistent with the canonical map from syntomic cohomology of Kato to {continuous) 
crystalline cohomology {see the map {I) of (19.5.11 ) and the equality (IA.5.41) below). Under 
this modification, the element t syn in HTslI p. 378 is replaced with p _1 t syn , and Corollary 
4.8.8 ofloc. cit. remains true. 

Construction of a. We start the construction of a assuming < r < p — 2, which will 
be complete in Corollary 19.81 below. For n > 1, let ^ n { r )(x,M) £ D + (Y&, Z/p n ) be the 
syntomic complex of Kato (see §A.5l below). Since < r < p — 2, there is an isomorphism 

(9.4.1) (T< r Rj^ pn )\y ~ y n (r) (XM) in D+(K ft , Z/p n ) 

for each n > 1 ( HTs21 Theorem 5.1), and H t+1 (X, r< r _Rj*Q p (r)) is isomorphic to the syn- 
tomic cohomology 

H£ n \(X, M), y Qp (r)) := Q p ® Zp km J^(r) (x , M) ) 

n>l 

by the proper base-change theorem. Therefore we consider H^„((X, M), S^Q p (r)) instead 
of H l+1 (X, T< r Rj*Q p (r)), which is the major reason we assume r < p — 2. We first prove: 

Lemma 9.5. The kernel of the composite map 

t : H™ ((X,M), J^(r)) — ► i/ c 7 ys ((X,M)/^) Qp — ► #™ s ((Z,M)/W) Qp 
agrees with that of the composite map 

V : H™((X,M),y Qp (r)) ®¥ tf m (X, T< r Rj*® p (r)) — ► r m (r) = Q p (r)). 

Proof. The map 77 factor through (19.3.21) with s = r, and the map £ factors through the map 
(1) in (19.3.51) with s = r by (IA.5.41) below. Hence the diagram 

#™((X, M), y Qp (r)) -U tf c ? ys ((X, M)/W% P 



r m (r) < D m ® Qp 5 st 

commutes by (19.3.51) . which implies the assertion. □ 

Let H™ nt _ cr ((X, M) /W) be the continuous crystalline cohomology of (X, M) over W (see 
gAjbelow). Put 

H™((X,M),y Qp (r)f := Ker( V : H™((X,M),y Qp (r)) — ► r m (r)), 

Q p «) ZpJ Ff c - t _ cr ((X,M)/W), 
Ker(^ nt _ cr ((X,M)/W) Qp M)/W) Qp ). 



F- t _ cr ((X,M)/W) Qp 
H™ nt -cr((X,M)/W)° Qp 
There are canonical maps 

(9.5.1) H»\(X, M), y Qp (r))° ^ H^ t _ cr ((X, M)/W)° Qp 

^Uh\K,W c ((X,M)/W), 
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^H\K,Y l ® Qp B crys ), 

where (1) is the canonical map obtained from Lemma [93] and Proposition IA.6.1K 2) below, 
the arrow (3) is the isomorphism (2) in (19.3.51) for m = i, and (4) is obtained from the 
C st -isomorphism (19.3.41 ) and (I9.3.1I ). The most crucial map (2) is obtained from an edge 
homomorphism of the spectral sequence in Theorem lA.4.2l (see also Corollary IA.4.4l below) . 
To proceed with the construction of a, we need to introduce some notation. 

Definition 9.6. Put S : = Spec(O^), and fix a prime 7r of Ok- Let Ms be the log structure 
on S associated with the closed point {n = 0}. Put V := Spec(W[t]), and let My be the 
log structure on V associated with the divisor {t = 0}. Let 

l:(S,M s )-^(V,M v ) 

be the exact closed immersion over W sending t \— > ir. For each n > 1, let {$ n , Mg n ) be the 
PD-envelope of the exact closed immersion L n : (V n ,M Vn ) <^-> (S n ,M Sn ) compatible with 
the canonical PD-structure on pW n . We define 

H™ s ((X,M)/(£>,M#)) Qp := Q p km H™ s ((X n ,M n )/(<? n ,M# n )), 

n>l 

which is an Rg := hjn n >i -T(^„, <ffg n ) -module endowed with a ipg-semilinear endomor- 
phism ip and a K -linear endomorphism N satisfying Nip = ptpN. Here tpg is a certain 
canonical Frobenius operator on Rg. See HTslI p. 253 for ipg, loc. cit. §4.3 for N and <p, 
and see loc. cit. Remark 4.3.9 for N. 

The following lemma plays a key role in our construction of a, where we do not need to 
assume < r < p — 2 (compare with the assumption (*) in [LaJ p. 191). 

Lemma 9.7. ( 1 ) There exists a long exact sequence 

■ ■ ■ Hi ont _ cr {{X, M)/W) Qp -> #; ys ((X, M)/{£, M g )) Qp A ^ rys ((X, M)/{S, M^)) Qp 
AH^ t _ cr ((X,M)/W) Qp ^--- 

and the image ofd agrees with Hl^ nt _ cr ((X, M) /W)q . 
(2) There is a commutative diagram with exact lower row 

^ rys ((X, M)/(<f , M g )) Qp H^ t _ cr ((x, m)/w)I p 

D l D i ^ H i( K) yi ® Qp Bcrys ), 

where the right vertical arrow is the composite of (2) - (4) in (19.5.11) , and the left 
vertical arrow is the specialization maps with i h> (cf. HTslI (4.4.4)). 



Proof. (1) follows from Proposition lA.2.4l and Corollaries IA.3 .2I ( 1 ) and lA.3.4l below. As for 
(2), the exactness of the lower row has been explained in the construction of 5. See Corollary 
IA.4.41 below for the commutativity of the square. □ 
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Corollary 9.8. The composite map (19.5.11) factors as follows: 

Hl+\(X, M), y Qp (r)f — ► A H\K, 7* ® Qp B crys ). 

We define a as the first arrow of this decomposition. 

Commutativity of the diagram (19.2.11) . We first prove that the square (A) in (19.2.11 ) is 
commutative. By the construction of a and 5, it is enough to show 

Theorem 9.9. The following square is commutative: 

(9.9.1) H^((X, M), y Qp (r)f — F 1 H i+1 (X, T< r Rj*Q p (r)) 

H\K, r- B crys ) B " y ^ QAr) H\K, r*(r)), 
where the right vertical arrow is the top arrow in (I9.2.1I ). 
Proof. Put d := dim(X K ). We define a G^-homomorphism 



Hl rys ((X,M)/W) Qp (r-d) (if r<d) 
Hl rys ((X,M)/W) Qp (if r>d) 



as the following composite map if r > d: 

P r : VKr)^Hi yn ((X,M),^ p (r)) . H^X, M)/W) Qp , 

and as the following map if r < d: 

i,r . r i (r) „ yi {d) ^ Qp(r _ d) , ^ rys ((X, M)/W)Qp ®Q P Q P (r - d)- 

We next define a homomorphism 



^(^^((X.^/^lr - d)) (if r < d) 
H\K, Hi^dX, M)/W) Qp ) (if r > d) 



as the following composite map if r < d: 

Hi+\(X,M),y Qp (r))° A H l (K, H l crys ((X, M)/W)q p ) 

~ tf 1 ^, ^ rys ((X, M)/W) Qp ® Qp Q p (d - r) ® Q p (r - d)) 

A H l (K, H l crys ((X, M)/W')Q p (r - d)), 

where (i) is the composite of (1) and (2) in (19.5.11) , and (ii) is induced by the inclusion 
Q p (d - r) M> H° rys ((X,Jd)/W) Qp (cf. (IA.6.51) below) and the cup product of crystalline 
cohomology. If r > d, we define Y' r as the composite of (1) and (2) in (19.5.11) . 
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We first prove the commutativity of (19.9.11) assuming r < d. In this case, the following 
triangle commutes by Theorem I A . 6 . 7 1 below : 



(9.9.2) 



H^((X,M),y Qp (r))° 



H\K, r*(r)) 



H\K,H* ry5 ((X,M)/W) Qp (r-d)), 



where the left vertical arrow is the composite of the top horizontal and the right vertical 
arrows of (19.9.11) . Moreover the following square commutes by the construction of the C st - 
isomorphism (19.3.41 ) (compare with (19.3.51 )): 



} p (r)^_B crys 

<g>< 



Hi rys ((X,M)/W) Qp (r-d) 



(133), i33 



rys 



\N=0 



where the right vertical arrow is given by the isomorphism (2) of (19.3.51) and the inclusion 
Q p (r — d) -Bcrys- The commutativity of (19.9.11) follows from these commutative diagrams 
and the fact that the composite map (19.5.11) agrees with the composite of Y' r an d the map 



H\K, Hi^X, M)/W) Qp (r - d)) — ► H l (K, y* 



} p -Bcrys) 



induced by the right vertical arrow and the bottom isomorphism in the previous diagram. 

When r > d, the following triangle commutes by Corollary I A . 6 . 3 1 below (see also Propo- 
sition]A2J](2)): 

H^((X,M),y Qp (r))° 



H\K,H* rys ((X,M)/W) Qp ) 



where the left vertical arrow is defined in the same way as for that of (19.9.21) . The commuta- 
tivity of (19.9.11 ) follows from this diagram and the diagram (I9.3.5I ). This completes the proof 
of Theorem ELS □ 

Proposition 9.10. The triangle (B) in (19.2.11 ) is commutative. 



Proof. There is a commutative diagram by the definition of d in Lemma 19771 (1) (cf. Propo- 
sition 1X23) 

H^ S ((X, M)/{£, M g )) Qp D> 



H, 



i+l 



r ((X, M)/W) Qv 



D 



i+l 



where D' l+l = D' L+1 (Y) is as in the proof of Theorem l8.12l the left (resp. right) vertical arrow 
is as in Lemma |9771 (l) (resp. given by the product with dlog(t), cf. (18.9.11 )), and the horizontal 
arrows are the specialization maps by t !->■ 0. Therefore in view of the constructions of a 
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and a', it is enough to check that the following diagram of canonical moronisms commutes 

in D+(Y 6t , %/p n ) for each n > 0: 



r] 

(X„,Af„)/W$, 



Remarkl8.5l 



W n U* Y 



t8.10.ll 



■1] 



•1], 



where J 



r] 

pC n ,M n )/Vl4 



is as in ^A. 5 1 below, and s denotes the specialization map by t M- 0. The 



right square commutes obviously in the category of complexes of sheaves. As for the left 
square, we have only to show the commutativity on the diagram of the r-th cohomology 
sheaves because W n Z^r r ~ 1 [— 1] is concentrated in degrees > r and y n (r)(x,M) is concen- 
trated in degrees < r by (I9.4.1I ). Since we have 

and the sheaf on the right hand side is generated by symbols (cf. the case D = of Theorem 
13.31 (1')"). one can check this commutativity of the diagram of sheaves by a straight-forward 
computation on symbols using the compatibility in HTslB Proposition 3.2.4 (2). □ 



Proof of Theorem 19.11 We have the following commutative diagram by (19.2.11 ): 

F x H i+x {X, <%(r)) F 1 H i+1 (X, r< r Rj*Q p (r)) - E l 




Coker(D i A D 



H\K, 



} p -Bcrys), 



where the left triangle commutes obviously. The kernel of i is Hj(K, Y l (r)) by definition. 
The top row is a complex by the definitions of a' and T n (r)x- The map e is injective by 
Theorem 18 . 1 21 and Conj ecture 18.111 for D\ We obtain the first assertion 

(9.10.1) &> T c Hj(K, y\r)) 

by a simple diagram chase on this diagram. To obtain the second assertion, we repeat the 
same arguments for <p 2d -hd~r+i ^ w j iere we p U j d := dim(X^). The map 

e : Coker(iV : D 2d ~ l -)• D 2 ^) — »• E 2d ~ i 

is injective by Conjecture 18.111 for D\ Theorems 18.121 and 18.81 and the Poincare duality 
between D % and D 2d ~ l [ |Hy2[ . Hence we have 



(9.10.2) $zd-i,d-r+i c H i( K ^ <yM-i( d - r + 1)). 

The results (19.10.11) and (19.10.21) imply <2> l > = Hj(K, r\r)), because &< r and ^d-^-r+i 
(resp. Hj(K, Y % {r)) and Hj(K, y 2d ~ l (d — r + 1))) are the exact annihilators of each other 
under the non-degenerate pairing of the Tate duality 

H\K, r*(r)) x H\K, r 2d -\d - r + 1)) — > Q p 
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by ifSaTTl Corollary 10.6.1 (resp. [B1K2J Proposition 3.8). □ 

10. Image of p-adic regulators 

In this section, we prove Theorem ll.il We first review the definitions of the finite part of 
Galois cohomology [B1K2J and the integral part of algebraic if -groups HSchM over number 
fields. 

Let K be a number field and let Y be a topological G^-Q p -module which is finite- 
dimensional over Q p . Let o be the integer ring of K. For a place v of K, let K v (resp. 
o„) be the completion of K (resp. o) at v. The finite part Hj(K, Y) C ^(K, V) is defined 
as 

x v : finite J ' 

where v runs through all finite places of K, and Hj(K v , Y) is defined as follows: 

HHK Y)-= f KQ < Hl ( K ^) ^ H^Y)) (if*, 
f{ h \Ker(H\K v ,Y)^H\K v ,Y® Qp B crys )) (ifv\p), 

where I v denotes the inertia subgroup of Gk v ■ We next review the definition of the integral 
part of algebraic if-groups. Let V be a proper smooth variety over the number field K. First 
fix a finite place v of K. By de Jong's alteration theorem [dJ|, there is a proper generically 
finite morphism 

7T : V' — > V v :—V ® K K v 
such that V has a projective regular model X' with strict semistable reduction over the 
integer ring of some finite extension of K v . The integral part K m (V v ) 0v C K m (V v ) ® Q is 
the kernel of the composite map 

K m {V v ) ® Q A K m {V) ®Q — > ^IV?^^^ 

Image of K m {X ) <8> Q 

which is in fact independent of X' ( HSchl §1). The integral part K m (V r ) is defined as 
ff„(V).:=K«r(*.(V0 3Q^ J] ¥¥^ )' 

where f runs through all finite places of K. If V admits a regular model which is proper 
flat over the integer ring of K, then K m (V) agrees with the image of the fT-group of the 
model, i.e., the integral part considered by Beilinson. By these definitions of Hj(K, Y) 
and K2r-i-i{V) , Theorem ll.ll is immediately reduced to Theorem 110.11 below, which is an 
analogue of Theorem ll. H over local fields. 

Let £ and p be prime numbers. We change the setting slightly, and let K be an £-adic local 
field, i.e., a finite extension of Qe. Let Ok be the integer ring of K, and let V be a proper 
smooth variety over K. Let i and r be integers with 2r > i + 1 > 1. There is a p-adic 
regulator map obtained from etale Chern character 

reg p : K 2M {V)o KMm — ► H\K, H\V, Q„(r))), 

where denotes 1/ (g)^ and -ft'2r~j-i(^ / )oK,hom denotes the subspace of K 2r ~i-i{V)o K 
consisting of all elements which vanish in H t+1 (V, Q p (r)) under the Chern character. 
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Theorem 10.1. Assume 2r > i + 1. If £ = p, assume further that r < p — 2 and that 
Conjecture 18.1 II holds for projective strict semistable varieties over F p in degree i. Then 
lm(reg p ) is contained in Hj(K, H l (V, Q p (r))). 

Remark 10.2. When £ = p, we need Conjecture d. 1 1 [ for the reduction of an alteration ofV. 
If £ ^ p, we do not need the monodromy -weight conjecture, but use Deligne's proof of the 
Weil conjecture flD] to show that reg p is zero. 



Proof of Theorem \10.1\ We first reduce the problem to the case that V has a regular model 
which is projective flat over Ok with strict semistable reduction. By de Jong's alteration 
theorem [dJ], there exists a proper generically finite morphism ?r : V — > V such that V 
has a projective regular model with strict semistable reduction over the integer ring Ol of 
L := r(V, &v')- Then there is a commutative diagram 



K. 



2r-i—l 



(V) 



Ok, horn 



H X {K, H\V, Q p (r))) 



reg 



K^ x {V% LtYmn —^H\L,H i {V',%{T))) 



Hj(K,W(V,Q P {r))) 



H l mH\V^%{r))) 
H}(L,W(V',® p (r))) 



where V denotes V ®l K, and the right (and the middle) vertical arrows are split injective 
by a standard argument using a corestriction map of Galois cohomology and a trace map of 
etale cohomology. By this diagram and the definition of K*(V)o K , Theorem 1 10. II for V is 
reduced to that for V. Thus we may assume that V has a projective regular model X with 
strict semistable reduction over Ok- Then the case £ ^ p follows from UNell II Theorem 2.2 
(cf. [DJ). We prove the case £ = p. Let Y be the reduction of X. Put 



W +1 (X,1 Qp (r)):- 



Zp £n H l+1 (X,Z n (r)), 



n>l 



and let A^ 2r _i-i(X) hom (resp. H l+1 (X, lQ p (r)) ) be the kernel of the composite map 

K 2M {X) — ► K 2r -i-i(V) A H l+1 (V,Q p (r)) -> H l+1 (V \ Q p (r)) 
(resp. W +1 (X, % Qp (r)) — > W +1 (V, Q p (r)) W +l (V, Q p (r)) ). 
There is a commutative diagram by Corollary 15 .7 1 



horn 

ch 

W+\X,Z Qp (r)Y 



K 



2r-i—l 



(V) 



Ok, horn 



H^IPiVMr))). 



The image of the bottom arrow is contained in Hj{K, H l (V,Q p (r))) by Theorem 19. II and 
Conjecture [8jT] for D l = D' l (Y), which implies Theorem llO.il This completes the proof of 
Theorems dOT] and O □ 
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Appendix A. Continuous crystalline cohomology 

In this appendix, we formulate continuous versions of crystalline and syntomic cohomol- 
ogy of log schemes, combining the methods of Jannsen, Kato and Tsuji (flU, HK2H . HK3H . 
HTsll . HTs210 . The results of this appendix have been used in §|9]of this paper. See HK3I for 
the general framework of log structures and log schemes. 

Let p be a prime number, and let K be a complete discrete valuation field of characteristic 
whose residue field A; is a perfect field of characteristic p. Let Ok be the integer ring of K . 
Put W := W(k), W n := W n (k) (n > 1) and K := Frac(W). Let X be a regular scheme 
which is projective flat over Ok with semistable reduction, and put 

X K := X ® 0k K, Y := X ® 0k k 

X T :=X k ®k K, Y :=Y ® k k and X := X ®o K Ojt, 

where Ok denotes the integral closure of Ok in K. Let M be the log structure on X as- 
sociated with the normal crossing divisor Y. We define a log structure M on X as follows. 
For a finite field extension L/K, put Sl : = Spec(Oz,), and let M Sl be the log structure on 
Sl associated with its closed point. We denote (Sk, M Sk ) simply by (S, M s ), and define 
(Xo L , Mo L ) by base-change in the category of log schemes 

(A.0.1) (X 0l ,M 0l ) := (X,M) x {SMs) (S l ,M Sl ). 

We then define a log structure M on Y as that associated with the pre-log structure 

(A.0.2) lim M Ql \x, 

kclgk 

where L runs through all finite field extensions of K contained in K, Mo L |x denotes the 
topological inverse image of Mo L onto X, and the inductive limit is taken in the category of 
etale sheaves of monoids on X. 

For a log scheme (Z, M z ) and an integer n > 1, we define 

(Z n ,M Zn ) := (Z,M Z ) x Spec(z) Spec(Z/p n )(=: (Z,M Z ) ®1/p n ) 

where we regarded Spec(Z) and Spec(Z/p") as log schemes by endowing them with the 
trivial log structures and the fiber product is taken in the category of log schemes. 

We denote by Mod(Z/p') the abelian category of the projective systems {F n } n >i of 
abelian groups such that F n is a Z/p n -module for each n > 1. For a profinite group G, 
Mod(G-Z/p') denotes the abelian category of the projective systems {F n } n >i of discrete 
G-modules such that F n is a Z/p n -module. 

For a scheme T, ShviT^'L/p") denotes the abelian category of the projective systems 
{^n}n>\ of etale sheaves on T such that is a Z/p n -sheaf for each n > 1. For a profinite 
group G acting on T, Shv{T^ t , G-TLjp') denotes the abelian category of the projective sys- 
tems {^n}n>\ of etale G-sheaves on T such that is a Z/p n -sheaf for each n > 1. We 
write D(Tet, Z/p") (resp. D(T&, G-Z/p')) for the derived category of Shv(T it , Z/p') (resp. 
Shv(T 6t , G-Z/p')). 

For an additive category , we write Q <E> for the Q-tensor category of c €, i.e., the 
category whose objects are the same as ^ and such that for objects A, B e ^ , the group 
of morphisms HomQ ^(^4, B) is given by Q ® Hom<^(A, B). We often write Q (g) A for the 
class of A G in Q £g> to avoid confusions. 
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A.l. Crystalline complexes. We construct E(x.,a/.)/h/., E (x .,m.)/(#.,a^.) G D+(Y&, Z/p') 
and ^(x.,m.)/w. e D + (Y^ t , G K -Z/p'), where W n means Spec(W n ) endowed with the trivial 
log structure, for each n > 1. See Definition 19.61 for (<f n , M#„). To construct ^(x.,m,)/w,> 
we fix an etale hypercovering (X*, M*) — >■ (X, M) and a closed immersion (X*, M*) ^ 
(Z*, M z *) of simplicial fine log schemes over W such that (Z\ M z %) is smooth over W for 
each i G N (cf. EH (2.18)). Put 

y* := X* ® 0x fe, 

which is an etale hypercovering of Y. For n > 1, let (^*, M^*) be the PD-envelope of 
(X*,M*) m> (Z*,Mz*) with respect to the canonical PD-structure on (p) C W£ ( BO 
Definition 5.4), and we define a complex ^{x*,M*)/w n of sheaves on Y£ as 

^ 4 ^ ®e- Zn ^(z*,M z *)/w n 4 • • • 4 ^®* ®^ ^*,M z *)/w/ n ■ • ■ ' 
where the first term is placed in degree and u;L* M ^ y Wn denotes the g-th differential mod- 
ule of (Z*, M z *) over cf. HK3B (1.7). See loc. cit. Theorem 6.2 for d. Regarding this 
complex as a complex of projective systems (with respect to n > 1) of sheaves on Y£, we 
obtain a complex ^(x;,m;)/w. of objects of Shv(Y£, Z/p'). We then define 

^(X.,M.)/W. ■= Rd*(^(Xi,Mi)/W.) e 7J + (Y, t ,Z/p*), 

where : Shv(Y£,Z/p') — )■ 5/iv(l^ t , Z/p*) denotes the natural morphism of topoi. The 
resulting object E(x.,m.)/w. is independent of the choice of the pair ((X*, M*), (Z*, Mz*)) 
by a standard argument (cf. HK2H p. 212). 

To construct E(x.,m.)/(#.,m (P .)> we P ut V '■= Spec(W[t]), and define My as the log struc- 
ture on V associated with the divisor {t = 0}. We regard (X, M) as a log scheme over 
(V, My) by the composite map 

(X, M)^(S,M S )^(V,M V ), 

where the last map is given by T i— > it, the prime element of Ok we fixed in Definition 
19.61 to define {S n ,Mg n ). We then apply the same construction as for E(x,,m.)/w. to the 
morphism (X, M) ->■ (V, My), i.e, fix an etale hypercovering (X*, M*) -» (X, M) and a 
closed immersion i* : (X*, M*) (Z*, Mz*) of simplicial log schemes over (V, My) such 
that (Z\M Z i) is smooth over W for each i G N. We obtain Epf.,M.)/(<?. ,M^.) by replacing 

W ?Z*,M Z *)/H4 Wlth W ?Z*,M z *)/(V n ,Af v J- 

We construct E^^w^ as follows. Fix an etale hypercovering (X*, M*) — >■ (X, M) 
and for each finite extension L/K contained in K, fix a closed immersion (X£ , Mq l ) 
(Z*,M Z *) ((X^,M£J := (X*,M*) x (SiMs) (^ L ,M 5 J) of simplicial fine log schemes 
over such that (Z l L , M Z i) is smooth over W for each i G N and L/X, and such that 
for finite extensions L'/L there are morphisms Tl'/l '■ (Z£/, M z * t ) — > (Z£, M^*) satisfying 
transitivity. For a finite extension L/X, let /cz, be the residue field of L, and put 

:= X* ® 0k fc £ and F* := X* k, 

which are etale hypercoverings of Yj, :— Y fci and F, respectively. We define a complex 
^( x o .' M o .)/ w > on ^ a PPly m § tn e same construction as for ~M.(xt,Mt)/w. to the embedding 
(Xq l , Mq l ) <^-> (Z£,Mz*), whose inverse image onto Y* yields an inductive system of 
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complexes of objects of Shv(Y\ v Gx-Z/p") with respect to finite extensions L/K. We then 
define 

E (Xi,Ml)/W. : = E (Xh L> .,M^ L>m )/W.\Y^ 

KCLCK 

e (x.,m.)/w. '■= r ^*( e (x*,m*)/w.) G D + (Y^ tl G K -Z/p m ) 1 

where 9 : Shv{Y\ v Gx-Z/p') — > Shv(Y^ t , Gk-Z/p') denotes the natural morphismof topoi. 
We define the following objects of Mod(Z/p')\ 

(A.1.1) H l crys ((X.,M.)/W.) := R l r(E {x . 

(A.1.2) H l crys ((X.,M.)/(£.,M^)) := R i r(E^ x . ,M.)/{g. Ms. ) ) > 

(A.1.3) Hl ry5 ((X.,M.)/W.) := J^E^.^J , 

where r and r denote the following left exact functors, respectively: 
(A. 1.4) r := r(Y, -) : Shv(Y&, Z/p') Mod{Z/p'), 

(A. 1.5) r := r(F, -) : Sfcv(F&, G K -Z/p') -> Mod(G K -Z/p 9 ). 

We define 'naive' crystalline cohomology groups 

^ rys ((X,M)/jy), ^ rys ((X,M)/(^,M^)), ^ rys ((X,M)/W) 
as the projective limit of (IA.1.1I) - (IA.1.3I) . respectively. 

Remark A.1.6. Let -n n : Shv(Y^ t ,Z/p*) — » S/jv^t? Z/p n ) be the natural functor sending 
{^m}m>i ^ ^n- Since 7r n /s exact, z? extends to a triangulated functor 

7r n : D + (^ t ,Z/p*) — > J D+(n t ,Z/p"), 

which sends E(x.,m.)/w. ^ ^(x n ,M n )/v^> object computing the crystalline cohomology 
of (X n , M n )/W n , because n n is compatible with the gluing functor R9*. Moreover by [|Jl 
Proposition 1 . 1 (b), we /zave 

tf* rys ((X.,M.)/^.) ^ {#^((X n , M n )/Wg} n >!. 
We /zave similar facts for (IA.1.21) and (IA.1.31) a* we//. 

A. 2. Continuous crystalline cohomology. We define continuous crystalline cohomology 
groups as follows: 

(A.2.1) ^ ont _ cr ((X,M)/W0 := ^(hmor)(E (x . )M . )/w .), 

(A.2.2) H l cont _ cr ((X , M)/(£ , M<f )) := ffffmof) (E (X ., M . )/(A ^)), 

where -T is as in (IA.1.41) . Because r has an exact left adjoint, it preserves injectives and there 
exists a spectral sequence 

Ef = R a )jm H b crys ((X.,M.)/W.) =► H^_ cr ((X, M)/W). 
Because R a hm = for a > 2, this spectral sequence breaks up into short exact sequences 
(A.2.3) — ► RHjm H£((X„ M.)/W.) — ► #Lt-cr((*, 

We have similar exact sequences for (IA.2.21) by the same arguments. 
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Proposition A.2.4. There exists a distinguished triangle 

can v 
E(X.,M.)/W. >^(X.,M.)/(g.,Ms.) y ^{X.,M,)/{g.,Mg,) > ^(X.,M.)/W n [l] 

m D + (l^ t , Z/p*). Consequently there is a long exact sequence 

• • • -> i4nt-cr((*, M)/W) ^ ont _ cr ((X, M)/(<f , M,)) A ^ ont _ cr ((X, M)/{£, M g )) 

^H^ t _ cr ((X,M)/W)^-- - . 
Moreover the map v fits into a commutative diagram {see Definition \9 .6\ for N) 

^ ont _ cr ((X, M)/(<f , M,)) ^ ont _ cr ((X, M)/(#, M,)) 



^((X, M)/(<f , M # )) — ^ ^ rys ((X, M)/(#, M,)) . 

(We will see that the vertical arrows are bijective later in Corollary IA.3.2K 1) below.) 

Proof. The assertion follows from the same arguments as in the proof of HK4H Lemma 4.2 
with T = G™^. " □ 

A 3. Comparison of projective systems of crystalline cohomology. For a finite extension 
L/K, let (Xq l , M 0l ) be as in the beginning of this appendix, and put 

H^ s ((X n ,M n )/(g n ,M^)) := lim_ fl^((X 0i ,„, ilf 0ll „)/(^ M # J), 

where L runs through all finite field extensions of A" contained in A. We recall here the 
following comparison facts on projective systems of crystalline cohomology groups, which 
will be useful later. Note that for A, E Mod(Z/p'), both hjn A, and R 1 hjn A, have finite 
exponents if Q <g> (A.) ~ in Q <8> Mod(Z/p'). 

Proposition A.3.1. Let i be a non-negative integer, and put D l n : = HP(Y, W n Uy). Let P n be 
the ring defined in HTslH §1.6, and put Rg n := r($ n , &g n ). 

(1) There is an isomorphism in Q <g> ModiTLjp*) 

Q ® (K y5 ((X„ M.) /(<?., Ms.))) ~ Q ® {i*V n ® Wi D* } ft >! 

an J i^hjii i7* rys ((X., M.) / (#., Mg m )) has a finite exponent. 

(2) There is an isomorphism in Q cg> Mod(GK-Z/p°) 

Q ® {#; ys ((X„, M n )/(<f n , MfJ)}n>l - Q ® {^n ®W, 

and i? 1 hjn {if* rys ((X n , M n ) / ($ n , Mg n ))} n >i has a finite exponent. 

(3) There is an isomorphism in Q ® Mod(GK-Z/p') 

Q ® ((^ rys ((X„ M.)/W.)) ^ Q ® {(Pn ®W, ^^/n^l 

and i? 1 hjn if* rys ((X., M.)/^ 7 .) /las a finite exponent. Here N acts on P n ®w n D l n 
by Np n ® 1 + 1 ® A and Np n denotes the monodromy operator of P n [ITs 111 p. 253. 



50 



K. SATO 



Proof. (1) The isomorphism in the assertion follows from [HK] Lemma 5.2. As for the sec- 
ond assertion, since D l n is finitely generated over W n , it is enough to check that the projection 
Rtfn+i ~^ i s surjective, which implies that the projective system {Rg n ®w n D l n } n >i sat- 
isfies the Mittag-Leffler condition. This surjectivity follows from the presentation 

R Sn = W[t, t ev jv\ (y > 1)] ® w W n (e := [K : K \) 

obtained from the definition of (<o n , Mg n ) (cf. the proof of HTslH Proposition 4.4.6). 

(2) The isomorphism in the assertion follows from HTslI Proposition 4.5.4. The second 
assertion follows from the facts that the natural projection P n+ i — > P n is surjective (loc. cit. 
Lemma 1.6.7) and that D l n is finitely generated over W n . 

(3) See |fK4 ] (4.5) for the isomorphism in the assertion. We show the second assertion. 
Note that P n is flat over W n , because Rg n is flat over W n and P n is flat over Rg n by the above 
presentation of Rg n and HTslll Proposition 4.1.5. Let {-D„}„>i be a projective system of W- 
modules such that D n is a finitely generated W^-module for each n, and let N : {-D„ }„>i — > 
{D n }n>i be a nilpotent VT-endomorphism. Our task is to show that 

i^hm {(P n ® Wn ^) N=0 }„>i = 0. 

Consider a short exact sequence of projective systems 

— ► {(D n ) N=0 } n >i — > {D n } n >! — ► {N(D n )} n >i — ► 0. 

Note that (D n ) N=0 and N(D n ) are finitely generated over W n for each n. Let b be the 
minimal integer for which N b = on {D n } n >i. By [K4J Lemma 4.3 and the flatness of P n 
over W n , we have a short exact sequence for each n > 1 

which yields a short exact sequence of projective systems with respect to n > 1. Since 
N^ 1 = on {iV(.D n )} n >i, we may assume b = 1 by induction on 6 > 1. Now let P n be as 
in HTslH §1.6 and let A crys be as in loc. cit. §1.1. Then we have isomorphisms 

(Pn ®W n D n f=° ~ (P n f=° ® Wn D n ~ B n ® Wn D n ( = ] (Arys/P") ®W n D n , 

where (1) follows from the assumption 6=1 and the flatness of P n over W n . The isomor- 
phism (2) (resp. (3)) follows from HTslH Corollary 1.6.6 (resp. the definition of B n in loc. cit. 
§1.6). Thus P 1 hm {(P„ ®w n P > n) N=0 }n>\ is zero, and we obtain the assertion. □ 

Corollary A.3.2. (1) For i > 0, we have 

H^iiX, M)/(*, M g )) Qp ~ ^ ont _ cr ((X, M)j{S , M # )) Qp . 
(2) 77ie torsion subgroups of 

H l crys ((X,M)/(g,M^) and H^iQC ,M) /W) 
have finite exponents for any i > 0. 

Proof. (1) follows from Proposition lA.3 . 11 (1) and the remark after (IA.2.31) . Since hjn n >i P n 
is p-torsion free, the assertion (2) follows from the isomorphisms in Proposition IA.3 . 1 1 (2) 
and (3). □ 
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Remark A.3.3. If K is absolutely unramified, then we have 

Hi ys ((X n ,M n )/W n ) ~ W(Y,W n u' Y ), 
which is finitely generated over W n by Theorem \S.S\ (2) and (18.10.11) (see also (Hy2| (1.4.3), 



(2.4.2)). Consequently, the projective system if* rys ((X., M.) /W,) satisfies the Mittag-Leffler 
condition and we have a long exact sequence 

.••-). Hi^iX, M)/W) Qp ^ rys ((X, M)/(#, M # )) Qp ^> Hi^dX, M)/(<f , M s )) Qp 
-^Hi+l((X,M)/Wh P ^-- - , 

which removes the assumption (*) in ULaH p. 191. On the other hand, the author does not 
know if if* rys ((X., M.)/W.) satisfies the Mittag-Leffler condition even up to torsion, when 
K is not absolutely unramified. 

The following corollary has been used in the proof of Lemma |9771 (l): 

Corollary A.3.4. In the following commutative diagram of canonical maps, the arrows (3) 
and (4) are injective: 

^ ont „ cr ((X, M)/W) Qp -^L H^iiX, M)/(<f , M#)) Qp 



(2) 



(3) 



Hi^ax, m)/w) Qp H^ax, m)/(*, m,)) Qp . 

In particular, the kernel of(\) agrees with that of (2). 

Proof. The injectivity of (3) follows from Proposition IA.3 . 1 1 ( 1 ) and (2) and the injectivity 
of the natural maps Rg n — > P n for n > 1 ( HTslll Proposition 4.1.5). The injectivity of (4) 
follows from Proposition lA.3.1l (2) and (3). □ 

A. 4. continuous-Galois crystalline cohomology. We define the continuous-Galois crys- 
talline cohomology as follows: 

W cG _ cr ((X,M)/W) := ^(Umr Gal r)(E (X .^ )/w J, 
where r is as in (IA.1.51) . and r Ga \ denotes the functor taking C7^ -invariant subgroups: 

r Ga] ■= r(G K , -) : Mod(G K -Z/p') — )• Mod(Z/p'). 
There is a natural map 

(A.4.1) H l cont _ cr ((X,M)/W) — ► Hi Q _ cr {{XiM)/W) 

by definition. 

Theorem A.4.2. There exists a Hochschild-Serre spectral sequence 

Ef = H a (K,H b crys ((X,M)/W) Qp ) =► H?£ cr ((X,M)/W) Qp . 
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Proof. Because r has an exact left adjoint functor, it preserves injectives and there exists a 
spectral sequence 

Ef = H a (K,H b crys ((X.,M.)/W.)) =► H£* cr ((X,M)/W), 

where H*(K, {-F n } n >!) for a projective system {-F n } n >! of discrete G^-modules denotes the 
continuous Galois cohomology of Gk in the sense of Jannsen [Jj §2. By Corollary IA.3.2K 2) 
and loc. cit. Theorem 5.15 (c), we have 

H a (K,H b crys ((X,M)/W)) Qp ~ H a (K,H b rys ((X,M)/W) Qp ) 

for a, b > 0. It remains to show that the canonical map 

H a (K,H b crys ((X,M)/W) Qp ) — ► H a (K,H b crys ((X.,M.)/W.)) Qp 

(loc. cit. Proof of Theorem 2.2) is bijective for a, b > 0. Put 

L b . := {P n ®w n ^}n>i , L b := Q p ® Zp lim L\ = B+ ® Ko D b , 

T b :=H b ry5 ((X.,M.)/W.) and T b := Q p ® Zp H b rys ((X, M)/W) . 

Note that we have H a (K, L b ) ~ H a (K, Km L^) Qp by Corollary lA32l (2) and [J| Theorem 
5.15 (c). We have a short exact sequence in Q Cg> MoJ(G^-Z/p # ) 

— >Q<S) (T b ) — ^ Q <g> (L b ) A Q ® (#) — > 
by HK4H Lemma 4.3, and a short exact sequence of topological G^-modules 

(A.4.3) — >T b — >L b ^ L b — ► 

by Proposition[A3j](3), which yield a commutative diagram with exact rows 

> H a ~ 1 (K, L b ) — > H a (K,T b ) — ► H a (K, L b ) H a (K, L b ) — >■■■ 



fa-1 



fa 



fa 



► H a -\K, L% p — ► H*{K, T b ) Qp — ► H a (K, L% p A H«(K, L% p 

where /„ are bijective for all a > by dl Theorem 2.2. Hence the assertion follows from 
the five lemma. □ 

Corollary A.4.4. Put 

H£ n \_ cr ((X,M)/W)° Qp := Ker(H^ n \_ cr ((X,M)/W) Qp -> M)/W)<J. 
Then the canonical homomorphism 

H^\_ cr ((X,M)/W)° Qp — ► H X {K, H l crys ((X, M)/W)qj,), 
induced by (IA.4.11) . _/zta mfo a commutative diagram 

H* cry5 ((X, M)/(<f , M g )) Qp — Hi+^ cr ((X, M)/W)l p 



(Bf t ® Ko D i ) GK ^((X, M)/W) Qp ), 
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where d is the connecting map in Proposition IA.2.41 {see also Corollaries IA.3.2K 2) and 
IA.3.41) , and 5 denotes the connecting map of continuous Galois cohomology associated with 
(IA.4.31) with b = i. The left vertical arrow is obtained from Proposition \A.3 A\ (2). 

Proof. The second assertion follows from simple computations on the boundary maps of 
cohomology groups arising from the distinguished triangle 

Rr (^(x.,M.)/w.) ~^ Rr (^(x.M.)/{6".Mg.)) ~^ Rr ^(x.M.)/(£.Ms.)) 

in D + (Mod(GK-^/p')) (cf. Proposition IA.2.41) . The sign (— in the diagram arises 
from the orientation of the distinguished triangle in Proposition IA.2.41 and the fact that the 
construction of connecting morphisms (in the derived category) associated with short exact 
sequences of complexes commutes with the shift functor [i] up to the sign ( — 1)*. The details 
are straight-forward and left to the reader. □ 

A. 5. Syntomic complexes. We construct the following objects for r > 0: 

y.~{r) {x ,M) e D + (Y, t ,Z/p') and X~(r) (XJ?) G D + (Y, t ,G K -Z/p'), 

and the following objects for r with < r < p — 1 

y.{r) { x,M) e D + (Yet, Z/jO and y.(r) {Xm G D+(Y 6t , G K -Z/p'). 

Definition A.5.1. Let (T, M?) be a log scheme over Z p . A Frobenius endomorphism ip : 
(T, Mt) — > (T, Mt) is a morphism over 7L P such that ip ® Z/ 'p : (Ti, MrJ — >■ (Ti, MrJ is 
the absolute Frobenius endomorphism in the sense of [K3] Definition 4.7. 

To construct y,~(r) {x,M) an d y»( r )(x,M)> we fix an etale hypercovering (X*,M*) — >■ 
(X, M) and a closed immersion (X*, M*) (Z*, M^*) of simplicial fine log schemes over 

such that (Z\ M Z i) is smooth over W and has a Frobenius endomorphism for each i G N. 
Let ti > 1 be an integer, and let M@*) be the PD-envelope of (X*, M*) in (Z*, M z *) 
with respect to the canonical PD-structure on (p) C H^. For z > 1, let ^ ^ be the 
i-th divided power of the ideal ^ = Ker(^* ->■ <^x*). Fori < 0, put := Let 
^[x* M*)/w n De me com pl ex of sheaves on F 6 * 

A ^ s c ( ^ )M ^ )M A ... 4 ^ ®^ ^.^y* 4 • • • , 

where | s placed in degree 0. See HTs2ll Corollary 1.10 for d. The complex E,^ x *,M*)/w n 
we considered in §A. II agrees with jj^ m*)/wj ■ We define a complex ^ n ~( r )(x*,M*) on Y^* 
as the mapping fiber of the homomorphism 

For < r < p—1, the Frobenius endomorphism on (Z* +r , M z * +r ) induces ahomomorphism 
of complexes 

(cf. HTs2ll p. 540). We define a complex y n (r)(x*,M*) on K 6 * as the mapping fiber of the 
homomorphism 

1- fr - J(X*,M*) E PQ,M*) 
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Regarding y n (r)(x*,M*) and y n (r)(x*,M*) as complexes of projective systems (on n > 1) 
of sheaves on Y? v we define 

^.~(r) (x ,M) := i^*(^.» ( x*,Af*)) (r > 0), 
^.(r) ( x,M) := RB*{y.{r\ x *, M *)) (0 < r < p - 1), 

where 6> : Shv(Y£,Z/p m ) — > Shv(Y^ t ,Z/p*) denotes the natural morphism of topoi. The 
resulting objects are independent of the pair ((X*, M*), (Z*, M z *)) (cf. Dl p. 212). 

We construct ^.~(V)(x,m) for r > and ^.(r-W,!?) for < r < p — 1 as follows. Fix 
an etale hypercovering (X*, M*) — > (X, M) and for each finite extension L/K contained in 
K, fix a closed immersion (X^ l ,M^ l ) m- (Z* L ,M Z *) ((X^,M£J := (X*, M*) x (5 ,m s ) 
(5*1,, Ms L )) of simplicial fine log schemes over W such that (Z l L , M Z i ) is smooth over W 
for each i G N and L/i^, such that has a Frobenius endomorphism for each i G N and 
L/X, and such that for finite extensions L'/L there are morphisms tl'/l '■ {^l'i Mz*,) — > 
(Z^,Mz*) which satisfy transitivity and compatibility with Frobenius morphisms. For a 
finite extension L/X, we define Y£ in a similar way as in §A.1I We define complexes 
^•~( r )(Xo L ,Mo L ) and ^'•( r ){Xo L ,Mo L ) on Yl a PPly m g the same constructions as for the 
complexes y,~(r)(x,M) an d ^•( r )(x,A*> respectively, to the embedding (Xq l1 Mq l ) <->• 
[Z* L , Mz*), whose inverse images onto Y* := X* ®o K k yield inductive systems of com- 
plexes of objects of Shv(Y*\ t , Gk-^/p*) with respect to finite extensions L/K. We define 

<y*~(r) mM) := lim^ ^."(^(x^m^Jt*, 

KCLCK 

^~{r) { x.^.) ■= RM^~{r) mm ) G D + (Yt t ,G K -Z/p'), 

where 9 : Shv{Y\ v G K -Z/p') — > ShviY £ t , G K -Z/p*) denotes the natural morphism of topoi. 
We construct ^.(rW^ from y,{r)(x* Q # ,a/* j' s m a similar way. When < r < p — 1, 
there is a canonical projection 

Ipl : (^)(x,M) ^ ^»( r )(X,M) 

induced by the identity map of EW, m.)/wv There are canonical morphisms 
(A.5.2) : ^.~(r) OT 

(A.5.3) c£ : y, ,{r)(xjx} 

which satisfy 

(A.5.4) p r ■ c r , = c[ o ipl (when < r < p - 1). 

For r > 0, we define 

Z/p'(r)' := (p a a!)- 1 Z p (r) g> Z/p' G Shv(X w ,G K -Z/p'), 

where a denotes the maximal integer < r/(p — 1). We have Z/p'(r)' = fx®? canonically 
when r < p — 2. Similarly for r < 0, we define 

(A.5.5) Z/p'(r)' := p a a\ Z p (r) ® Z/p" G Sto>( X 7f> G K -Z/p') 



-It] 



1 



E 



(r > 0) 



'(X.,m.)/w. ' "(x.,M.)/iy. 
^m.)/^. ^ %.,m.)/^. (0<r<p-l), 
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with a the maximal integer < — r/(p — 1), which will be used in (IA.6.41) below. Let j : 
X-g e — >■ X and I : 7 H> X be the natural immersions. Let Rj^ and I* be the following 
functors, respectively: 

Rj* : D + ((Xx) it ,G K -Z/p') — ► D + (X it ,G K -Z/p'), 

I* : D + (X, u G K -Z/p') — ► £>+(F ft ,G*-Z/p'). 

Theorem A.5.6 ( llTsITl §3.1, El Theorem 5.4, cf. lTTs2l Theorem 5.1). For r > 0, there 
exists a canonical morphism in D + (Yet, Gx-Z/p') compatible with product structures 

Vl ■ ^>)(X,M) — > tR-j^/p\r)'. 
If r < p — 2, then rj r 9 factors through an isomorphism 
(A.5.7) ^.(r)(x,M) 7"<r ^J*/^- 

Proof. We define r/^ applying the arguments in HTsll §3.1 in the category of Z/p'-sheaves. 
If r < p — 2, then we have Z/p'(r)' = /i®. r , and r/^ factors through a morphism rf„ : 
^•( r )(x,M) ^Rj*^®' by the construction of r/l (cf. HTslI (3.1.11)). The morphism rf. 
induces an isomorphism as claimed, because ^.(^)(xm) * s concentrated in [0, r] and r/^ 
induces isomorphisms on the g-th cohomology objects with < q < r by HK4H 5.4. □ 

We define 



Hi y „((X,M),,y.(r)) 
Hi yn ((X,M),^ Zp (r)) 
Hl yn ((X,M),,y Qp (r)) 
Hi yn ((X,M),y Qp (r)) 



R!r{y.{r) {XM) ), 

km Hi yn {(X,M),y.(r)), 
Q P ®z p Hi yn ((X,M),y Zp (r)), 
Q p ® Zp hm RT(y.(r) m ). 
where r and r are as in (IA.1.41) and (IA.1.51) . respectively. 

A. 6. continuous(-Galois) syntomic cohomology. We assume r < p — 2 in what follows. 
For i > 0, we define the continuous syntomic cohomology as follows: 

W cont _ syn ((X,M),y Zp (r)) := i*( jmP) (^.(r) (x , M) ) . 

Similarly, we define the continuous-Galois syntomic cohomology as follows: 

#* G _ syn ((X,M),J^(r)) := R{^mr Q3 ^){y.{r) m ). 

We put 

#* ont _ syn ((X, M), y Qp (r)) := Q p ® Zp H* cont _ 5yn ((X , M), i^(r)). 

Proposition A.6.1. Le? i >0 be an integer. 

(1) Let 7] : # s l yn ((X,M),^ Qp (r)) ^(X F ,Q p (r)) as m Lemma &5\ Then the 
kernel of the composite map 

W cont _ syn ((X,M),y Qp (r)) — ► ^ yn ((X,M),^ Qp (r)) -A /P(X F , Q p (r)) 
agrees with that of the composite map 
H* cont _ 5yn ((X,M),y Qp (r)) — ► #; n ((X,M),^ Q >)) — ► ^ rys ((X,M)/W) Qp , 
which we denote by -f/* ont _ syn ((X, M), ^Q p (r , ))°, in what follows. 
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(2) If K is a p-adic local field (i.e., k is finite), then we have 

^ ont _ syn ((X,M),^ Zp (r)) ^ #; n ((X,M), J^(r)). 
In particular, we have the following canonical map in this case: 
Hi yn ((X,M),y Zp (r)) — ► Hi ont _ cr ((X,M)/W). 

(3) If r > d := dim^Xx), then we have 

W cC _ 5yn ((X,M),Y Zp (r)) Hi ont (X K ,Z p (r)), 
where H* ont (X K , 1> p {r)) denotes the continuous etale cohomology of Jannsen flj). 

Proof. (1) The assertion immediately follows from Lemma [931 

(2) There is a short exact sequence analogous to (IA.2.31) 

_> RH^ H£({X,M),y.{r)) — ► ^ ont _ syn ((X,M),^ Zp (r)) 

_^^ n ((X,M),^ Zp (r))^0. 

The group Hl~J-((X, M), y n (r)) is finite for any z, n > 1 by the properness of X and the 
finiteness of k (use (19.4.11) and the arguments in HSa21l (4.3.2), §10.3 to reduced the problem 
to the case n — 1, and then use Theorem 13 .3 1 of the main body). The assertion follows from 
these facts. 

(3) Since r > d by assumption, (IA.5.71) implies ^.(rW^ ~ T*Rj^^®I . Hence the 
assertion follows from the isomorphisms in D + (Mod(GK~Z/p')) 

(a.6.2) Rr (x w , n®:) = Rr (x, r]^:) ^ Rr (F, tr]^®:) , 

where the last isomorphism is a consequence of the proper base-change theorem for the usual 
etale cohomology. □ 

For i > 0, put 

H\X K ,Q p (r))° := Ker{H\X K , Q p (r)) H\X W , Q p (r))) , 

^ yn ((X,M),^j p (r))° := Kerfo : M), J^(r)) -> ITfe Q p (r))). 

We have H\X K) Q p (r)) = H l cont (X K , Q p {r)) when K is a p-adic local field. The following 
corollary is a consequence of Proposition IA.6.1K 1). (2) and the covariant functoriality of 
Hochschild-Serre spectral sequences in coefficients (see also the diagram in the proof of 
Theorem IA.6.71 below) . 

Corollary A.6.3. Assume that K is a p-adic local field, and let e be the composite map 

e : Hi+\(X,M)^ Qp (r)) — ► W +1 (X K , Q p (r))° — ► tf 1 ^, H%X^ Q p (r))), 

where the last map is an edge homomorphism of the Hochschild-Serre spectral sequence 
(19.0. II ). If r > d, then efits into a commutative diagram 



Hi+\(X, M), y Qp (r))° - H^\_ cr ((X, M)/W)° Qp 



H\K, H*(Xjr, Q p (r))) H X (K, H^ S ((X, M)/W) Qp ), 

where the top arrow is obtained from Proposition IA.6. 1 1 ( 1 ) and (2), ng/z? vertical arrow 
is the map in Corollarv \AAA\ and (3 t,r is as in the proof of Theorem 19.91 
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We next construct a commutative diagram in Q ® D + (Mod(GK-Z/p')) assuming r < d 
(A.6.4) Q®Rr(Y,y.(r) m ) 



r 




Q® Rr(Xj?,ng) — ^ q® (Rr(Y,E (Wt)/Wm ) ®Z/p-(r-d)')> 

which is a key ingredient of the commutative diagram (A) of $9] for the case r < d. See 
(IA.5.51) for lt/p'(r — d)' . We define If as the composite morphism 

Q ® Rr(Y, y.{r) m ) ^ Q ® i?r(F, E (X .^ )/iy J 

^> Q <g> {i?r(F,E (X#iI?#)/w J ® Z/p'(d - r)> ® Z/p'(r - d)'} 

— ► {^(F, e ( x.,m.)/h/.) ® z /p> - . 

where the last arrow is induced by the p d ~ r -times of the composite map 
(A.6.5) Q ® Z/p'(d - r)' ~ Q ® # s ° yn ((Z., M.), - r)) 

9Q®< s ((I.,¥,)/iy.) 

(see (IA.6.61) below for the isomorphism (1)) and the product of crystalline complexes. We 
define f r as the morphism induced by (IA.5.71) and the isomorphisms in (IA.6.21) . To define 
g r , we need an isomorphism 

(A.6.6) f : Q ® i?r(F, - Q ® Z/p'(d)') 

induced by ?yf in Theorem IA.5 .61 (cf . HTslB Theorem 3.3.2 (1)). We define 

h d : Q ® flT(F, ^.~(cO(x,M)) — > Q ® E (x.,m.)/^.) 

in the same way as h r (using (IA.5.21) instead of (IA.5.31) ) and define g d := p d ■ (h d o 
Finally we define g r as the composite of the natural map 

rt(x^, n®:) — > Rr(x w , z/y (d)') ® z/y (r - d)' 

and g d eg) id. The above diagram is commutative by the definition of g r and the compatibility 
of T)l with products (cf. HTslH §3.1). Now we prove 

Theorem A.6.7. Assume that K is a p-adic local field (i.e., k is finite). Then the diagram 
(19.9.21 ) commutes for r < d. 

Proof. We first note the isomorphisms 

#cont-syn((*, M), ^ Q ,(r)) H^((X, M), ^ Q »), 
^(Xx.QpCr)) F i+1 (X*,Q p (r)) 
by the assumption that k is finite (cf. Proposition lA.6.1l (2)). For integers m, s > 0, put 

#£_ cr ((X,M)/W; S ) := R m (^mr Gal ){Rr(Y,E iTm ^ )/Wt ) <g> Z/p»'}, 
#™_ cr ((X,M)/W; S )° p := Ker(i^_ cr ((X,M)/W; S ) Qp -> if™ s ((X, M)/W) Qj) ( S )). 
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By (IA.6.41) . there is a commutative diagram 

Hi+\(X,M),^ Qp (r)) 



Hi+l((X,M)/W) Qp (r-d), 



where the bottom arrow is the same as f3 t+l ' r . By this diagram we obtain the arrows (g r )° 
and [h r )° in the following commutative diagram: 



H^((X,M),Y Qp (r)) 



H£ n \(X,Q p (r)Y 




W +1 



cG— cr 



((X,M)/W;r-d)° Qi 



edge 



H\K, H\X W , fip))^ H\K, m ry5 ((X. } M.)/W.) ® Z/p«(r - d)) Ql , 



where the top triangle is induced by (IA.6.41) and the central square commutes by the func- 
toriality of Hochschild-Serre spectral sequences. The arrows c and d are canonical maps, 
and the bottom square commutes by the definitions of f3 l,T and g r . The map c is bijective 
by flU Theorem 2.2 and the finiteness of H Z (X^, /x2T) for n > 1. See the proof of Theo- 
rem [AA2] for the bijectivity of d . Moreover it is easy to see that the composite of the left 
column agrees with the left vertical arrow of (19.9.21) , and that the composite of h r and the 
right column agrees with 7 vr in (19.9.21) . The commutativity in question follows from these 
facts. □ 
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